Published by Institute of Physics Publishing for SISSA/ISAS Received: January 14, 2003 Accepted: April 16, 2003

Twisted boundary states in c = 1 coset conformal field theories

Hiroshi Ishikawa

Department of Physics, Tohoku University Sendai 980-8578, Japan E-mail: ishikawa@tuhep.phys.tohoku.ac.jp

Atsushi Yamaguchi

Institute of Physics, University of Tokyo Komaba 153-8902, Japan E-mail: yamaguti@hep1.c.u-tokyo.ac.jp

Abstract: We study the mutual consistency of twisted boundary conditions in the coset conformal field theory G/H. We calculate the overlap of the twisted boundary states of G/H with the untwisted ones, and show that the twisted boundary states are consistently defined in the charge-conjugation modular invariant. The overlap of the twisted boundary states is expressed by the branching functions of a twisted affine Lie algebra. As a check of our argument, we study the diagonal coset theory so(2n)_1 ⊕ so(2n)_1/so(2n)_2, which is equivalent to the orbifold S^1/Z_2 at a particular radius. We construct the boundary states twisted by the automorphisms of the unextended Dynkin diagram of so(2n), and show their mutual consistency by identifying their counterpart in the orbifold. For the triality of so(8), the twisted states of the coset theory correspond to neither the Neumann nor the Dirichlet boundary states of the orbifold and yield conformal boundary states that preserve only the Virasoro algebra.

Keywords: D-branes, Conformal Field Models in String Theory, Conformal and W Symmetry, Boundary Quantum Field Theory.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep042003026 /jhep042003026 .pdf

Contents

1. Introduction 2

2. Boundary states in coset theories 3 2.1 Conventions 3 2.2 G/H theories 5 2.3 NIM-reps in RCFTs 6

3. Mutual consistency of twisted boundary conditions 10

4. Boundary states in so(2n) diagonal coset theory 16 4.1 Preliminaries 16 4.2 Construction of the twisted Cardy states 18 4.2.1 Z_2-automorphism of so(2n) 18 4.2.2 Z_3-automorphism of so(8) 20 4.2.3 Permutation automorphism of so(2n) ⊕ so(2n) 21

5. Relation with orbifold theories 23 5.1 Regular Cardy states 24 5.2 Twisted Cardy states 25 5.2.1 Z_2 states 25 5.2.2 Z_3 states 25

6. Discussions 27

A. Modular transformation matrices of D^{(r)}_n 28 A.1 D^{(1)}_n 28 A.2 D^{(2)}_n 30 A.3 D^{(3)}_4 31

B. Characters of so(2n)_1 ⊕ so(2n)_1/so(2n)_2 32 B.1 Ordinary characters 32 B.2 Twining characters 32 B.2.1 Z_2-automorphism 32 B.2.2 Z_3-automorphism 33 B.3 Characters of the twisted chiral algebra 33

C. Boundary states in the orbifold S^1/Z_2 33 C.1 S^1 33 C.2 S^1/Z_2 35

– 1 –

D. Conformal boundary states in S^1/Z_2 36 D.1 Conventions 36 D.2 Conformal boundary states in S^1(r = 2)/Z_2 37

1. Introduction

The nature of boundary conditions in rational conformal field theories (RCFTs) has been now fairly well understood [1]–[10]. There are a set of conditions that every consistent set of the boundary states should satisfy, which is called the sewing relations [2, 3]. The Cardy condition [1] is one of the sewing relations and expresses the consistency of the annulus amplitudes without insertion of vertex operators. It is now recognized that solving the Cardy condition is equivalent to finding the non-negative integer valued matrix representation (NIM-rep) of the fusion algebra[9, 11] under the assumption of the completeness of boundary states [4]. The classification problem of the possible boundary conditions in a given RCFT is therefore related with those of NIM-reps of the fusion algebra.

Since the fusion coefficients themselves form a representation of the fusion algebra, we always have at least one NIM-rep for each fusion algebra, which is realized by the fusion matrices and called the regular one. Therefore the point is whether we have a non-trivial NIM-rep other than the regular one. If we do not require an integer-valued representation, we have several one-dimensional ones realized by the (generalized) quantum dimensions, which in general take values in irrational numbers. However the requirement for a representation to be NIM is so severe that one finds a non-trivial NIM-rep only in limited cases. In these cases, the number of possible NIM-reps is greater than one and we have several solutions for one particular fusion algebra. Although these different NIM-reps are in general considered to be corresponding to different modular invariants, it is possible that two or more NIM-reps coexist in the same modular invariant and are compatible with each other.

This issue of mutual consistency of different NIM-reps has been studied in [8, 12] (see also [18]) for the case of the WZW models. In the WZW model based on a group G, the chiral algebra is an (untwisted) affine Lie algebra g, and the regular NIM-rep describes the boundary conditions preserving g. If the horizontal subalgebra of g has an automorphism ω, we can twist g by ω to obtain a non-trivial boundary condition in the WZW model, and one can find a non-trivial NIM-rep corresponding to the twisted boundary condition. Eventually we obtain two types of NIM-reps in one theory: the regular and the twisted ones. The mutual consistency of these two has been shown by calculating the annulus amplitude between two types of the boundary states. The twisted affine Lie algebra associated with g and ω plays an essential role in the calculation.

In this paper, we extend the analysis of the mutual consistency of different NIM-reps for the WZW models to an important class of CFTs, coset conformal field theories [13]. The boundary states in coset theories have been studied by several groups [14]–[23]. In particular, it has been shown that one can construct a NIM-rep of the G/H theory starting from those of G and H [18, 23]. Hence a non-trivial NIM-rep of G/H follows from the

– 2 – twisted NIM-reps of G and H, if G (or H) is equipped with an automorphism [14, 18]. We calculate the overlap of the corresponding twisted Cardy states of G/H with the untwisted ones, and show that the twisted states are consistently defined in the charge-conjugation modular invariant. The overlap of the twisted boundary states is given by the branching functions of the twisted affine Lie algebras associated with the automorphism used for twisting the boundary condition. As a check of our argument, we study in detail the diagonal coset theory so(2n)_1 ⊕ so(2n)_1/so(2n)_2, which is equivalent to the orbifold S^1/Z_2 at a particular radius. We construct the boundary states twisted by the automorphisms of the unextended Dynkin diagram of so(2n), and show their mutual consistency by identifying their counterpart in the orbifold. For the order-2 automorphism of so(2n), the resulting states as well as the regular ones are realized by the usual Neumann and Dirichlet boundary states of the orbifold. For the triality of so(8), however, the twisted states of the coset theory correspond to neither the Neumann nor the Dirichlet states. Rather they yield conformal boundary states that preserve only the Virasoro algebra. The conformal boundary states have been constructed for the case of S^1 [24]–[27]. Our twisted states provide their generalization to S^1/Z_2.

The organization of this paper is as follows. We review some basic facts about the construction of NIM-reps in coset CFTs in the next section 2. In section 3, we argue the mutual consistency of different NIM-reps in coset theories. In particular, we show that the twisted Cardy states of G/H are labeled by the branching functions of the associated twisted affine Lie algebras and have well-defined overlaps with the regular states. In section 4, we apply our method to the diagonal coset theory so(2n)_1 ⊕ so(2n)_1/so(2n)_2 to obtain the Cardy states twisted by the automorphisms of so(2n). We treat three types of automorphisms: the order-2 automorphism ω_2 of so(2n), the order-3 automorphism ω_3 of so(8) and the permutation automorphism π of so(2n) ⊕ so(2n). For ω_2 and ω_3, we show that there exist non-trivial NIM-reps and give them in the explicit form. For the permutation automorphism π, however, the resulting NIM-rep is shown to yield nothing new. In section 5, using the equivalence between the so(2n) coset theory and the orbifold S^1/Z_2, we map the twisted states in the coset theory to the boundary states of the orbifold, in which the mutual consistency of the boundary states is well understood. We give some technical details in the appendices. The derivation of the conformal boundary states of S^1/Z_2 is reported in appendix D.

2. Boundary states in coset theories

In this section, we review the construction of the Cardy states in coset theories developed in [18, 23].

2.1 Conventions

Let A be the chiral algebra of a RCFT, which is the Virasoro algebra or an extension thereof. We denote by I the set of all the possible irreducible representations of A, and by 0 ∈ I the vacuum representation. For the WZW model based on an affine Lie algebra g at level k, I is given by the set P^k_+(g) of all the integrable highest-weight representations

– 3 – of g at level k. Let H_μ be the representation space for μ ∈ I. Then the character of the representation μ is written as χ_μ(τ) = Tr_{Hμ} q^{L0−c/24} , (2.1) where q = e^{2πiτ} and c is the central charge of the theory. The characters transform among themselves under the modular transformation τ → −1/τ, χ_μ(−1/τ) = ∑ ν∈I S_{μν} χ_ν (τ) . (2.2)

The modular transformation matrix S is a symmetric unitary matrix.

The elements of I form the fusion algebra (μ) × (ν) = ∑ ρ∈I N_{μν}^ρ(ρ). Here N_{μν}^ρ are non-negative integers called the fusion coefficients. It is often useful to introduce the matrices (N_μ)_ν^ρ = N_{μν}^ρ . (2.3) One can show that N_μ satisfy the fusion algebra N_μN_ν = ∑ ρ∈I N_{μν}^ρN_ρ . (2.4)

The Verlinde formula [28] relates the fusion coefficients N_{μν}^ρ with the modular transformation matrix S, N_{μν}^ρ = ∑ λ∈I S_{μλ}S_{νλ}S_{ρλ} S_{0λ} = ∑ λ∈I S_{νλ}γ^{(μ)}_λ S_{ρλ} , (2.5)

where γ^{(μ)}_λ is the generalized quantum dimension

γ^{(μ)}_λ = S_{μλ} S_{0λ} . (2.6)

In terms of the matrices N_μ, the Verlinde formula can be written in the form N_μ = Sγ^{(μ)}S^† , γ^{(μ)} = diag(γ^{(μ)}_ν )_{ν∈I} . (2.7) The modular transformation matrix S diagonalizes the fusion matrices N_μ. The generalized quantum dimension {γ^{(μ)}_λ | λ fixed} is therefore a one-dimensional representation of the fusion algebra γ^{(μ)}_λ γ^{(ν)}_λ = ∑ ρ∈I N_{μν}^ργ^{(ρ)}_λ . (2.8)

A simple current J of a RCFT is an element in I whose fusion with the elements in I induces a permutation μ → Jμ of I [29, 30], (J) × (μ) = (Jμ) . (2.9) The set of all the simple currents forms an abelian group which we denote by G_{sc}, G_{sc} = {J ∈ I | J : simple current}. (2.10)

– 4 –

G_{sc} is a multiplicative group in the fusion algebra. The group multiplication is defined by the fusion.

A simple current J acts on the modular S matrix as follows, S_{Jλ μ} = S_{λμ}b_μ(J) , (2.11) where b_μ(J) is the generalized quantum dimension of J,^1 b_μ(J) = S_{Jμ} S_{0μ} = γ^{(J)}_μ . (2.12) In the matrix notation, the above relation can be written as N_J S = S b(J) , (2.13) where (N_J )_μ^ν = N_{Jμ}^ν = δ_{Jμ ν} and b(J) = diag(b_μ(J))_{μ∈I} . Since γ^{(λ)}_μ is a one-dimensional representation of the fusion algebra, b_μ(J) is a one-dimensional representation of G_{sc}, b_μ(JJ^′) = b_μ(J)b_μ(J^′) , J, J^′ ∈ G_{sc} . (2.14) Therefore b_μ(J) is of the form b_μ(J) = e^{2πiQμ(J)} , Q_μ(J) ∈ Q , (2.15) since any one-dimensional representation of a finite group takes values in roots of unity. The phase Q_μ(J) is called the monodromy charge. 2.2 G/H theories The G/H theory [13] is based on an embedding of the affine Lie algebra h into g. A representation μ of g is decomposed by representations ν of h as follows, H_μ = ⊕_ν H_{(μ;ν)} ⊗ H_ν . (2.16) The primary fields of the G/H theory are labeled by (μ; ν) and the corresponding character is given by the branching functions. We denote by Î the set of all the possible primaries in the G/H theory,

Î = {(μ; ν)| μ ∈ I^G, ν ∈ I^H , b^G_μ (J) = b^H_ν (J^′), (Jμ; J^′ν) = (μ; ν), ∀(J, J^′) ∈ G_{id}} . (2.17) Here I^G (I^H ) is the set of all the primaries in the G (H) theory. G_{id} ⊂ G^G_{sc} × G^H_{sc} is the group of the identification currents corresponding to the common center of G and H. b^G_μ (J) (b^H_ν (J^′)) expresses the monodromy charge of the G (H) theory. The condition b^G_μ (J) = b^H_ν (J^′) is the selection rule of the branching of representations, while the relation (Jμ; J^′ν) = (μ; ν) is the field identification.

1We write J0 as J since the action of J on 0 yields J itself.

– 5 –

In this paper, we restrict ourselves to the case that all the identification orbit have the same length N_0 = |G_{id}|,

N_0 = |{(Jμ, J^′ν) ∈ I^G ⊗ I^H | (J, J^′) ∈ G_{id}}| = |G_{id}| . (2.18)

In other words, there is no fixed point in the field identification [31] (Jμ, J^′ν) ≠ (μ, ν) , ∀(μ, ν) ∈ I^G ⊗ I^H , ∀(J, J^′) ≠ 1 ∈ G_{id} . (2.19) The character of the coset theory is the branching function χ_{(μ;ν)} of the algebra embedding h ⊂ g. From the branching rule (2.16), we find

χ^G_μ = ∑ ν χ_{(μ;ν)}χ^H_ν . (2.20)

The modular transformation S-matrix of the G/H theory reads Ŝ_{(μ;ν)(μ′ ;ν′)} = N_0S^G_{μμ′} SH_{νν′} = N_0S^G_{μμ′} S^H_{νν̄′} , (2.21)

where N_0 is the length of the identification orbit (2.18) and S^G (S^H ) is the S-matrix of the G (H) theory. ν̄^′ is the representation conjugate to ν^′.

The fusion coefficients of the coset theory can be calculated via the Verlinde formula (2.5), N̂_{(μ;ν)(μ′ ;ν′)}^{(μ′′ ;ν′′)} = ∑ (ρ;σ)∈Î Ŝ_{(μ;ν)(ρ;σ)}Ŝ_{(μ′;ν′)(ρ;σ)}Ŝ_{(μ′′;ν′′)(ρ;σ)} Ŝ_{(0;0)(ρ;σ)} = 1 N_0 ∑ (ρ,σ)∈I^G ⊗I^H 1 N_0 ∑ (J,J^′)∈G_{id} b^G_ρ (J)b^H_σ (J^′)^{−1} ×

× N^2_0 S^G_{μρ}S^G_μ′_ρS^G_{μ′′ρ} S^G_{0ρ} S^H_{νσ̄}S^H_ν′_{σ̄}S^H_{ν′′σ̄} S^H_{0σ̄} = ∑ (J,J^′)∈G_{id} N^G_{μ Jμ}′^{μ′′} N^H_{ν J} ′_ν′^{ν′′} . (2.22) Here we used our assumption of no fixed points to rewrite the sum ∑ (ρ;σ)∈Î → 1 N_0 ∑ (ρ,σ)∈I^G ⊗I^H 1 N_0 ∑ (J,J^′)∈G_{id} b^G_ρ (J)b^H_σ (J^′)^{−1} . (2.23)

The projection operator introduced above takes account of the selection rule.

2.3 NIM-reps in RCFTs In the bulk theory, we have a pair of algebras A and Ã, which correspond to the holomorphic and the anti-holomorphic sectors, respectively. The space H of the states in the bulk theory can therefore be decomposed into the representations of A ⊗ Ã as H = ⨁ μ,ν∈I M_{μν} H_μ ⊗ ~H_{ν̄} (M_{μν} ∈ Z_{≥0}) . (2.24)

– 6 –

The modular invariant partition function associated with this spectrum reads Z(τ) = ∑ μ,ν∈I M_{μν} χ_μ(τ)χ_ν (τ) . (2.25)

In this paper, we restrict ourselves to the case of the charge-conjugation invariant M_{μν} = δ_{μν} .

In the presence of boundaries, A and Ã are related with each other via appropriate boundary conditions. In the closed string channel, we can describe boundary conditions in terms of boundary states, which satisfy the following gluing condition

(ω(W_n) − (−1)^h ~W_{−n})|α⟩_ω = 0 . (2.26)

Here W and ~W are the currents of A and Ã, respectively. h is the conformal dimension of the currents and ω is an automorphism of the chiral algebra A. ω induces an isomorphism μ → ωμ of the representations μ ∈ I of the chiral algebra A. In order to keep the conformal invariance, ω has to fix the generators L_n of the Virasoro algebra,

ω(L_n) = L_n . (2.27)

In the following, a boundary condition for ω ≠ 1 will be called the twisted type, while ω = 1 the untwisted type.

A generic boundary state |α⟩ satisfying the boundary condition (2.26) is a linear combination of the Ishibashi states [32] |α⟩_ω = ∑ μ∈E ψ_α^μ 1 √ S_{0μ} |μ⟩⟩_ω (α ∈ V) . (2.28) Here E is a set labeling the Ishibashi states compatible with the gluing automorphism ω and the modular invariant Z, while V is a set labeling the boundary states. For the chargeconjugation modular invariant, E is given by the set I^ω of all the representations fixed by ω, I^ω = {μ ∈ I | ωμ = μ} . (2.29) We normalize the Ishibashi states as follows, ω⟨⟨μ|q^{Hc} |ν⟩⟩_ω = δ_{μν} χ_μ(τ) (μ, ν ∈ I^ω) , (2.30) where H_c =^1_2 (L_0 + L̃_0 −^c_{12} ) is the closed string hamiltonian.

The coefficients ψ_α^μ together with the sets E and V should be chosen appropriately for the mutual consistency of the boundary states [1, 9]. Consider the annulus amplitude between two boundary states |α⟩ and |β⟩, Z_{αβ} = ⟨β|q̃^{Hc} |α⟩ = ∑ ν∈E,μ∈I ψ_α^ν S_{μν} S_{0ν} ψ_β^ν χ_μ(τ) = ∑ μ∈I n_{μα}^βχ_μ(τ) (α, β ∈ V) . (2.31)

Here we denote by n_{μα}^β the multiplicity of the representation μ ∈ I in Z_{αβ} , n_{μα}^β = ∑ ν∈E ψ_α^ν γ^{(μ)}_ν ψ_β^ν . (2.32)

– 7 –

In the matrix notation, this can be written as

n_μ = ψγ^{(μ)}ψ^†, (n_μ)_α^β = n_{μα}^β, (ψ)_α^μ = ψ_α^μ . (2.33)

Clearly, n_μ are matrices with non-negative integer entries for consistent boundary states. In particular, n_0 = 1 for the uniqueness of the vacuum in the open string channel. This condition for the consistency of the annulus amplitude is called the Cardy condition and the boundary states satisfying the Cardy condition are called the Cardy states. Under the assumption of the completeness |V| = |E| [4], the Cardy condition implies that ψ is a unitary matrix. The matrices n_μ are therefore related with the generalized quantum dimensions via a similarity transformation (2.33) and satisfy the fusion algebra

n_μn_ν = ∑ ρ∈I N_{μν}^ρn_ρ , n^T_μ = n_{μ̄} . (2.34)

Since n_{μα}^β take values in Z_{≥0}, {n_μ} forms a non-negative integer matrix representation (NIM-rep) of the fusion algebra [9]. For each set of the mutually consistent boundary states, we have a NIM-rep {n_μ| μ ∈ I} of the fusion algebra. The simplest example is the regular NIM-rep ψ = S (E = V = I) , n_μ = N_μ , (2.35) which corresponds to the trivial gluing automorphism ω = 1 in the charge-conjugation modular invariant and exists in any RCFT. We note that there are many ‘unphysical’ NIM-reps that do not correspond to any modular invariant [11]. This fact shows that the Cardy condition is not a sufficient but a necessary condition for consistency.

The similarity between S_{μν} and ψ_α^μ (2.7) and (2.33) suggests that the simple currents act also on a diagonalization matrix ψ. As is discussed in [11, 18, 12, 23], we actually have two types of actions of the simple currents on ψ,

ψ_{Jα}^μ = ψ_α^μ b_μ(J) , n_J ψ = ψ b(J) , J ∈ G(V) , (2.36a) ψ_α^{Jμ} = b̃_α(J) ψ_α^μ , ψN^T_J = b̃(J)ψ , J ∈ G(E) . (2.36b)

Here G(V) and G(E) are the groups of simple currents for V and E,

G(V) = G_{sc}/S(V) , (2.37a) G(E) = {J ∈ G_{sc} | J : E → E} , (2.37b)

where S(V) is the stabilizer of V, i.e. a subgroup of G_{sc} which acts trivially on V,

S(V) = {J_0 ∈ G_{sc} | J_0α = α, ∀α ∈ V} = {J_0 ∈ G_{sc} | b_μ(J_0) = 1, ∀μ ∈ E} . (2.38) b̃_α(J) are the counterpart of b_μ(J) and defined as b̃_α(J) = ψ^{αJ} ψ_α^0

. (2.39)

The group G(V) acts on V as a permutation of the Cardy states, and the group G(E) enables us to define the “charge” b̃_α of the Cardy states, which takes values in the dual group of G(E). Clearly, for the regular NIM-rep ψ = S, these two groups coincide with the simple current group G_{sc} itself.

– 8 –

The transformation property (2.36a) follows from the fact that n_J is a permutation matrix on V [11, 18]. The second one (2.36b) is related [11] with the following algebra [4, 5, 33, 9] ψ_α^μ ψ_α^0 ψ_α^ν ψ_α^0 = ∑ ρ∈E M_{μν}^ρ ψ_α^ρ ψ_α^0

, (2.40)

which coincides in some cases with the algebra that appeared in the classification of bulk theories [34]. Actually, if we set

(M_μ)_ν^ρ = M_{μν}^ρ, γ̃^{(μ)} = diag ( ψ_α^μ ψ_α^0 ) α∈V , (2.41)

the algebra (2.40) can be written in the form

ψM^T_μ = γ̃^{(μ)}ψ . (2.42)

Hence, the transformation property (2.36b) follows from eq. (2.40) if M_J (J ∈ G_{id}(E)) coincides with N_J restricted on E.

We are now ready to state the construction of NIM-reps in G/H theories [18, 23]. The starting point of the construction is a pair of NIM-reps (ψ^G, ψ^H ) of the G and the H theories with the sets V^G, E^G, V^H and E^H .^2 Then one can make a NIM-rep of the G/H theory in the following form

ψ̂_{(α;β)}^{(μ;ν)} = √ |G_{id}(E)||G_{id}(V)| ψ^G_α^μψ^H_β^{ν̄} , (α; β) ∈ V̂, (μ; ν) ∈ Ê . (2.43)

Here, V̂ and Ê are labels of the Cardy states and the Ishibashi states of G/H, respectively, and defined as

V̂ = {(α; β) | α ∈ V^G, β ∈ V^H , b̃^G_α (J) = b̃^H_β (J^′) (∀(J, J^′) ∈ G_{id}(E)),

(Jα; J^′β) = (α; β) (∀(J, J^′) ∈ G_{id}(V))}, (2.44) Ê = {(μ; ν) | μ ∈ E^G, ν ∈ E^H , b^G_μ (J) = b^H_ν (J^′) (∀(J, J^′) ∈ G_{id}(V)),

(Jμ; J^′ν) = (μ; ν) (∀(J, J^′) ∈ G_{id}(E))}. (2.45)

G_{id}(E) and G_{id}(V) are the groups of the identification currents for the Ishibashi states and the Cardy states, respectively,

G_{id}(E) = G_{id} ∩ (G(E^G) × G(E^H )) , (2.46) G_{id}(V) = G_{id}/(G_{id} ∩ ^S(V)) , (2.47)

where ^S(V) is the stabilizer for the action of the simple currents on the Cardy states^3

^S(V) = {(J, J^′) ∈ G_{sc}| b^G_μ (J) = b^H_ν (J^′) ∀(μ, ν) ∈ E^G ⊗ E^H } . (2.48)

2This can be generalized to the case of NIM-reps not factorizable into the G and the H parts [23]. 3In [23], ^S(V) is denoted by S^c(V^c).

– 9 –

Let n^G(n^H ) be the NIM-rep matrix corresponding to ψ^G(ψ^H ). Then one can express the NIM-rep matrix n̂_{(μ;ν)} of the G/H theory in terms of n^G_μ and n^H_ν as follows

(n̂_{(μ;ν)})_{(α;β)}^{(α′ ;β′)} = ∑ (J,J^′)∈G_{id}(V)

(n^G_μ )_{Jα}^{α′} (n^H_ν )_J ′_β^{β′} . (2.49)

For the regular NIM-reps, ψ^G = S^G, ψ^H = S^H , one obtains G_{id}(E) = G_{id}(V) = G_{id} and ψ̂ coincides with Ŝ.

In [18, 23], the condition b̃^G_α (J) = b̃^H_β (J^′) is called the brane selection rule, while (Jα; J^′β) = (α; β) is called the brane identification. If there is no fixed point in the brane identification, the matrix (2.43) yields a NIM-rep n̂_{(μ;ν)} of the G/H theory. If we have fixed points in the brane identification, we have to resolve them in order to obtain a unitary ψ̂. This is the same situation as the field identification fixed points [31].

3. Mutual consistency of twisted boundary conditions

As we have seen in the previous section, the problem of solving the Cardy conditions is equivalent to finding an appropriate NIM-rep of the fusion algebra. However, the number of solutions may be greater than one and we may have several NIM-reps for one particular fusion algebra. Although these different NIM-reps are in general considered to be corresponding to different modular invariants, it is possible that two or more NIM-reps coexist in the same modular invariant and are compatible with each other. This issue of mutual consistency of different NIM-reps has been studied in [8, 12] (see also [18]) for the case of the boundary states twisted by an automorphism of the chiral algebra. We briefly review this in the following and discuss its application to the case of coset models.

We begin with the relation of the twisted Ishibashi state |μ⟩⟩_ω for ω ≠ 1 with the untwisted one |μ⟩⟩. Introducing an orthonormal basis {|φ⟩} of H_μ, the untwisted Ishibashi state can be written as |μ⟩⟩ = ∑ φ |φ⟩ ⊗ |φ⟩ ∈ H_μ ⊗ ~H_{μ̄} . (3.1) One can construct the Ishibashi states for ω ≠ 1 starting from |μ⟩⟩. Let Ω be a unitary operator mapping H_μ to H_{ωμ},

Ω : H_μ → H_{ωμ} , ΩW_nΩ^† = ω(W_n) , Ω~W_nΩ^† = ~W_n . (3.2)

Then the twisted Ishibashi state |μ⟩⟩_ω can be written as |μ⟩⟩_ω = Ω|μ⟩⟩_{ω=1} = ∑ φ (Ω|φ⟩) ⊗ |φ⟩ ∈ H_{ωμ} ⊗ ~H_μ . (3.3) Actually, one can check that this state satisfies the twisted gluing condition, (ω(W_n) − (−1)^h ~W_{−n})|μ⟩⟩_ω = (ΩW_nΩ^† − (−1)^h ~W_{−n})Ω|μ⟩⟩_{ω=1} = Ω(W_n − (−1)^h ~W_{−n})|μ⟩⟩_{ω=1} = 0 . (3.4)

– 10 –

The normalization of |μ⟩⟩_ω follows from that of |μ⟩⟩ and coincides with our convention (2.30), ω⟨⟨μ|q^{Hc} |μ^′⟩⟩_ω = ⟨⟨μ|Ω^†q^{Hc} Ω|μ^′⟩⟩ = ⟨⟨μ|q^{Hc} |μ^′⟩⟩ = δ_{μμ}′ χ_μ(τ) . (3.5) We will also need the overlap of the twisted Ishibashi state with the untwisted one. Since |μ⟩⟩_ω couples ωμ with μ̄, we have a non-vanishing overlap if and only if μ ∈ I^ω,

⟨⟨μ|q^{Hc} |μ^′⟩⟩_ω = ⟨⟨μ|q^{Hc} Ω|μ^′⟩⟩ = { χ^ω_μ (τ) if μ = μ^′ ∈ I^ω , 0 otherwise .

(3.6)

Here χ^ω_μ is the twining character [35]

χ^ω_μ (τ) = Tr_{Hμ} Ωq^{L0−c/12} . (3.7)

For the case of (untwisted) affine Lie algebras, the twining character coincides with the ordinary character of a twisted affine Lie algebra called the orbit Lie algebra [35].

In order to obtain the spectrum in the open string channel, we need the modular transformation of the twining character. Since the twining character appears in the overlap between twisted and untwisted states, its modular transformation is written in terms of the characters of the twisted chiral algebra A^ω. Here we denote by A^ω an algebra generated by the currents with the twisted boundary condition W (e^{2πi}z) = ω(W (z)). Let Ĩ be the set of all the possible representations of the twisted chiral algebra A^ω and χ_{μ̃} (μ̃ ∈ Ĩ) be the corresponding character. Then the modular transformation of the twining character can be written as χ^ω_μ ( −1 τ ) = ∑ μ̃∈Ĩ S̃^{(0)}_{μμ̃} χ_{μ̃} (τ r ) (μ ∈ I^ω) , (3.8a)

χ_{μ̃} ( −1 τ ) = ∑ μ∈I^ω S̃^{(1)}_{μ̃μ} χ^ω_μ (τ r ) (μ̃ ∈ Ĩ) , (3.8b)

where S̃^{(0)} and S̃^{(1)} are some unitary matrices [8]. We divide the argument of χ_{μ̃} by the order r of the automorphism ω so that χ_{μ̃}(τ) is expanded in integer powers of q = e^{2πiτ} . The properties of S̃^{(0)} and S̃^{(1)} have been investigated in [8]. In particular, it has been shown that S̃^{(1)} is related with S̃^{(0)} via transposition,

S̃^{(1)}_{μ̃μ} = η^{−2}_μ S̃^{(0)}_{μμ̃} , (3.9)

where η_μ is an appropriate phase factor.

If A is an (untwisted) affine Lie algebra g^{(1)} at level k, the corresponding twisted chiral algebra A^ω is the twisted affine Lie algebra g^{(r)} at level k and Ĩ = P^k_+(g^{(r)}). Since the modular transformation of the character of g^{(r)} is expressed by the characters of another affine Lie algebra g̃^{(r)} [36] (see table 1), the matrices S̃ in (3.8) are nothing but the modular transformation matrix between g^{(r)} and g̃^{(r)},^4 for which we can set η_μ = 1 and obtain

4This fact gives an explanation for the coincidence of the twining character χ^ω with the ordinary character of the orbit Lie algebra.

– 11 – g^{(r)} A^{(2)}_{2l} A^{(2)}_{2l−1} D^{(2)}_{l+1} E^{(2)}_6 D^{(3)}_4 g̃^{(r)} A^{(2)}_{2l} D^{(2)}_{l+1} A^{(2)}_{2l−1} E^{(2)}_6 D^{(3)}_4

Table 1: The modular transformation of the twisted affine Lie algebras. l stands for the rank of the algebras.

S̃(1)T = S̃(0) [36]. In the following, we restrict ourselves to the case of η_μ = 1 and write S̃(0) as S̃, S̃^{(0)} = S̃^{(1)T} ≡ S̃ . (3.10)

The matrix S̃ satisfies the following properties

S̃S̃^† = 1 ,

(S̃S̃^T )_{μν} = C_{μν} = δ_{μν̄} , (S̃^T S̃)_{μ̃ν̃} = ~C_{μ̃ν̃} = δ_{μ̃ν̃} (μ, ν ∈ I^ω, μ̃, ν̃ ∈ Ĩ) , (3.11)

where C and ~C are the charge-conjugation matrix of I and Ĩ, respectively.

We turn to the construction of the twisted Cardy states [8, 12]. Suppose that we obtain the twisted Cardy states |α̃⟩_ω in the charge-conjugation modular invariant, |α̃⟩_ω = ∑ μ∈I^ω ψ_{α̃}^μ 1 √ S_{0μ} |μ⟩⟩_ω . (3.12)

For |α̃⟩_ω to be well-defined in the charge-conjugation modular invariant, |α̃⟩_ω has to be consistent with the regular Cardy states |μ⟩ (μ ∈ I). From eqs. (3.6) and (3.8), one can calculate the overlap of the twisted states |α̃⟩_ω with the untwisted state |0⟩ (0 ∈ I), ⟨0|q̃^{Hc} |α̃⟩_ω = ∑ μ∈I^ω ψ_{α̃}^μ χ^ω_μ ( −1 τ ) = ∑ μ∈I^ω , μ̃∈Ĩ ψ_{α̃}^μS̃_{μμ̃} χ_{μ̃} (τ r ) . (3.13)

Clearly, this amplitude is made to be well-defined if one sets ψ = S̃^{−1} or S̃^T . Here we take the latter choice ψ = S̃^T , |μ̃⟩_ω = ∑ μ∈I^ω S̃_{μ̃μ} 1√ S_{0μ} |μ⟩⟩_ω (μ̃ ∈ Ĩ) , (3.14)

for which the overlap with |0⟩ reads ⟨0|q̃^{Hc} |μ̃⟩_ω = ∑ ν̃∈Ĩ (S̃^T S̃)_{μ̃ν̃} χ_{ν̃} (τ r ) = χ_{μ̃} ( τ r ) . (3.15)

The twisted Cardy states are therefore labeled by the representations μ̃ ∈ Ĩ of the twisted chiral algebra A^ω.

The twisted state |μ̃⟩_ω is characterized by the property that the open string spectrum (3.15) between |μ̃⟩_ω and |0⟩ consists of χ_{μ̃} only. This is completely parallel with Cardy’s original construction of the untwisted Cardy states: |μ⟩ (μ ∈ I) is determined so

– 12 – that ⟨μ|q̃^{Hc} |0⟩ = χ_μ holds [1]. From this construction, Cardy has argued that the overlap of the Cardy states can be expressed in terms of the fusion coefficients, namely, ⟨μ|q̃^{Hc} |ν̄⟩ = ∑ ρ∈I N_{μν}^ρχ_ρ(τ). (3.16)

Substituting ψ_μ^ν = S_{μν} in the left-hand side, one obtains the Verlinde formula (2.5). We can proceed in the same way for the twisted states [12]. For simplicity, we restrict ourselves to the case of r = 2.^5 Then the counterpart of (3.16) can be written as ω⟨μ̃|q̃^{Hc} |ν̄⟩ = ∑ ρ̃∈Ĩ N_{μ̃ν}^{ρ̃}χ_{ρ̃} (τ r ) , (3.17a) ω⟨μ̃|q̃^{Hc} |¯ν̃⟩_ω = ∑ ρ∈I N_{μ̃ν̃}^ρχ_ρ(τ) , (3.17b)

where N_{μ̃ν}^{ρ̃} can be considered as describing the fusion rule of the twisted representation with the ordinary one. Substituting the expression (3.14) for the twisted states, we obtain a generalized Verlinde formula

N_{μ̃ν̃}^ρ = N_{μ̃ρ̄}^¯~^ν = ∑ σ∈I^ω S̃_{μ̃σ}S̃_{ν̃σ}S_{ρσ} S_{0σ} . (3.18)

Since the fusion coefficients take values in non-negative integers, the above expression (3.17) for the overlaps implies that the mutual consistency of the twisted states (3.14) with the regular states.

The action of the simple currents on the twisted Cardy states (3.14) can be described in terms of the twisted chiral algebra A^ω. In order to see this, consider the case of an affine Lie algebra g^{(1)} and the diagram automorphism ω, for which the coefficient S̃_{μ̃ν} in the twisted Cardy states is the modular transformation matrix between the twisted affine Lie algebras g^{(r)} and g̃^{(r)} (see table 1). The sets, V, E, of the labels of the Cardy states and the Ishibashi states, respectively, read

V = Ĩ = P^k_+(g^{(r)}) , E = I^ω ∼= P^k_+(g̃^{(r)}) . (3.19)

Here we used the equivalence of the twining character of g^{(1)} and the ordinary character of the orbit Lie algebra g̃^{(r)} to identify I^ω with P^k_+(g̃^{(r)}). In this case, the action of the simple currents can be identified with the diagram automorphisms of g^{(r)} and g̃^{(r)} [18], namely,

G(V) = Aut(g^{(r)}) , G(E) ∼= Aut(g̃^{(r)}) , (3.20)

where we denote by Aut(g^{(r)}) the group of the diagram automorphisms of g^{(r)}. For g^{(r)} = A^{(2)}_{2l} , E^{(2)}_6 and D^{(3)}_4 , there is no nontrivial automorphism and Aut(g^{(r)}) = {1}. For g^{(r)} = A^{(2)}_{2l−1} and D^{(2)}_{l+1}, there is an automorphism of order 2 and Aut(g^{(r)}) ∼= Z_2 (see figure 1).

5For the case of r > 2, we have to introduce r − 1 twisted sectors in order to describe the fusion rule of the twisted representations.

– 13 –

Figure 1: The Dynkin diagrams of A^{(2)}_{2l−1} (left) and D^{(2)}_{l+1} (right). The arrows stand for the action of the diagram automorphisms.

Let us apply the foregoing discussion to the case of the G/H theory. Suppose that an automorphism ω of the horizontal Lie algebra g leaves h ⊂ g invariant. Then ω induces an automorphism ω̂ of the G/H theory, which acts on Î as ω̂ : (μ; ν) → (ωμ; ων) , (μ; ν) ∈ Î . (3.21) A natural candidate for the corresponding NIM-rep of G/H can be constructed starting from the twisted Cardy states (3.14) of G and H. The formula (2.43) yields the following diagonalization matrix

ψ̂_{(μ̃;ν̃)}^{(μ;ν)} = √ |G_{id}(E)||G_{id}(V)| S̃^G_{μ̃μ}S̃^H_{ν̃ν̄} , (μ̃; ν̃) ∈ V̂ , (μ; ν) ∈ Ê , (3.22)

where V̂ and Ê are defined as V̂ = {(μ̃; ν̃) | μ̃ ∈ Ĩ^G, ν̃ ∈ Ĩ^H , b̃^G_{μ̃} (J) = b̃^H_{ν̃} (J^′) (∀(J, J^′) ∈ G_{id}(E)) ,

(Jμ̃; J^′ν̃) = (μ̃; ν̃) (∀(J, J^′) ∈ G_{id}(V))} , (3.23) Ê = {(μ; ν) | μ ∈ I^{G,ω}, ν ∈ I^{H,ω}, b^G_μ (J) = b^H_ν (J^′) (∀(J, J^′) ∈ G_{id}(V)) , (Jμ; J^′ν) = (μ; ν) (∀(J, J^′) ∈ G_{id}(E))} . (3.24)

Since the spectrum Ê of the Ishibashi states consists of the elements invariant under ω̂, one can expect that this NIM-rep describes the ω̂-twisted Cardy states of G/H. As we shall see below, this is the case if ψ̂ in (3.22) gives a well-defined NIM-rep.

We begin our discussion with the relation of the spectrum Ê with the set Î^{ω̂} ⊂ Î of all the representations fixed by ω̂, Î^{ω̂} = {(μ; ν) ∈ Î | (ωμ; ων) = (μ; ν)} . (3.25)

Clearly, Ê is contained in Î^{ω̂}; the converse is in general not true. Actually, it is possible that (ωμ; ων) gives rise to the same state as (μ; ν) due to the field identification even if ωμ ≠ μ (or ων ≠ ν). Therefore Ê does not necessarily coincide with Î^{ω̂}; rather a subset of Îω̂ in general. If Ê is a true subset of Îω̂, we obtain several extra Ishibashi states. This is a situation analogous to the case of orbifolds, in which we may have some extra Ishibashi states from the twisted sectors. These extra states can be used to resolve the branes sitting at the fixed points of the orbifold to yield fractional branes. For the construction of the boundary states in the G/H theory, the counterpart of the orbifold fixed points is the brane identification fixed point, and one can expect that the existence of the extra Ishibashi states implies the appearance of the brane identification fixed points, which are to be resolved by the extra states. As we will see later, this is checked for the so(2n) diagonal coset.

– 14 –

In the rest of this section, we restrict ourselves to the case of Ê = Î^{ω̂}. Then a ω̂- invariant representation (μ; ν) ∈ Î^{ω̂} has a representative such that μ ∈ I^{G,ω}, ν ∈ I^{H,ω}, and the twining character of (μ; ν) can be obtained as the branching function of the twining character of G, χ^{G,ω}_μ = ∑ ν∈I^{H,ω} χ^{ω̂}_{(μ;ν)}χ^{H,ω}_ν , μ ∈ I^{G,ω} . (3.26a) Similarly, the branching rule for the twisted chiral algebra can be written as

χ^G_{μ̃} = ∑ ν̃∈Ĩ^H χ_{(μ̃;ν̃)}χ^H_{ν̃} , μ̃ ∈ Ĩ^G . (3.26b)

For an affine Lie algebra g^{(1)} and its diagram automorphism ω of order r, the above equations can be regarded as the branching rule of the orbit Lie algebra g̃^{(r)} and the twisted Lie algebra g^{(r)}, respectively. The modular transformation of the twining character χ^{ω̂}_{(μ;ν)} yields χ_{(μ̃;ν̃)}, and vice versa, χ^{ω̂}_{(μ;ν)} ( −1 τ ) = ∑ (μ̃;ν̃)∈V̂ S̃^{(0)}_{(μ;ν)(μ̃;ν̃)}χ_{(μ̃;ν̃)} (τ r ) , (3.27a)

χ_{(μ̃;ν̃)} ( −1 τ ) = ∑ (μ;ν)∈Ê S̃^{(1)}_{(μ̃;ν̃)(μ;ν)}χ^{ω̂}_{(μ;ν)} ( τ r ) . (3.27b)

From the branching rules (3.26), one can express these modular transformation matrices in terms of S̃^G and S̃^H in (3.8),

S̃^{(0)}_{(μ;ν)(μ̃;ν̃)} = |G_{id}(V)|S̃^{G(0)}_{μμ̃} S̃^{H(0)}_{νν̃} , (3.28a)

S̃^{(1)}_{(μ̃;ν̃)(μ;ν)} = |G_{id}(E)|S̃^{G(1)}_{μ̃μ} S̃^{H(1)}_{ν̃ν} , (3.28b)

where the factors, |G_{id}(V)|, |G_{id}(E)|, arise from rewriting the sum over V̂ and Ê, respectively, ∑ (μ̃;ν̃)∈V̂ → 1 |G_{id}(V)| ∑ (μ̃,ν̃)∈Ĩ^G⊗Ĩ^H 1 |G_{id}(E)| ∑ (J,J^′)∈G_{id}(E)

b̃^G_{μ̃} (J)b̃^H_{ν̃} (J^′)^{−1} , (3.29a) ∑ (μ;ν)∈Ê → 1 |G_{id}(E)| ∑ (μ,ν)∈I^{G,ω} ⊗I^{H,ω} 1 |G_{id}(V)| ∑ (J,J^′)∈G_{id}(V)

b^G_μ (J)b^H_ν (J^′)^{−1} . (3.29b)

The expression (3.28) together with the relation (3.9) between S̃^{(0)} and S̃^{(1)} implies that the order of the identification groups for V and E should take the same value N,

|G_{id}(V)| = |G_{id}(E)| ≡ N . (3.30)

Two modular transformation matrices in (3.28) are therefore related with each other via transposition, S̃^{(0)}_{(μ;ν)(μ̃;ν̃)} = S̃^{(1)}_{(μ̃;ν̃)(μ;ν)} = NS̃^G_{μμ̃}S̃H_{νν̃} , (3.31)

where we used the relation (3.10).

– 15 –

Clearly, the above matrix coincides with the diagonalization matrix (3.22) constructed from the twisted NIM-reps of G and H. Hence the states |(μ̃; ν̃)⟩ defined in (3.22) are actually the twisted Cardy states (3.14) for the automorphism ω̂ of the G/H theory, and the set V of the labels for the Cardy states can be identified with those for the branching functions (3.26b) of the twisted chiral algebra.

Applying the argument for the generic twisted states to the present case, we can confirm that the twisted states |(μ̃; ν̃)⟩ ((μ̃; ν̃) ∈ V̂) are consistent with the regular states |(μ; ν)⟩ ((μ; ν) ∈ Î). In particular, the overlaps can be expressed in exactly the same manner as eq. (3.18), ⟨(μ̃; ν̃)|q̃^{Hc} |(μ̄; ν̄)⟩ = ∑ (μ̃^′;ν̃^′)∈V̂ N̂_{(μ̃;ν̃)(μ;ν)}^{(μ̃′;ν̃′)}χ_{(μ̃′;ν̃′)} (τ r ) , (3.32a) ⟨(μ̃; ν̃)|q̃^{Hc} |(μ̃^′; ν̃^′)⟩ = ∑ (μ;ν)∈Î N̂_{(μ̃;ν̃)(μ̃′;ν̃′)}^{(μ;ν)}χ_{(μ;ν)}(τ) . (3.32b)

The fusion coefficients for the twisted representations take the form

N̂_{(μ;ν)(μ̃;ν̃)}^{(μ̃′;ν̃′)} = ∑ (ρ;σ)∈Ê Ŝ_{(μ;ν)(ρ;σ)}S̃_{(μ̃;ν̃)(ρ;σ)}S̃_{(μ̃′;ν̃′)(ρ;σ)} Ŝ_{(0;0)(ρ;σ)}

= ∑ (ρ,σ)∈I^{G,ω} ⊗I^{H,ω} ∑ (J,J^′)∈G_{id}(V)

b^G_ρ (J)b^H_σ (J^′)^{−1} S^G_{μρ}S̃^G_{μ̃ρ}S̃^G_{μ̃′ρ} S^G_{0ρ} S^H_{νσ}S̃^H_{ν̃σ}S̃^H_{ν̃}′_σ S^H_{0σ} = ∑ (J,J^′)∈G_{id}(V)

N^G_{μJμ̃}^{μ̃′} N^H_{νJ} ′_{ν̃}^{ν̃′} , (3.33)

where we used the formula (3.29b) and the relation (3.30). One can see that this expression for the overlaps of the twisted Cardy states coincides with the formula (2.49) for generic NIM-reps of the G/H theory.

4. Boundary states in so(2n) diagonal coset theory

The diagonal coset theory so(2n)_1 ⊕ so(2n)_1/so(2n)_2 has the central charge c = 1 and is equivalent to the orbifold S^1/Z_2 at the radius R = √ 2n. In this section, we apply the method given in the previous sections to this particular model to construct the twisted Cardy states following from the diagram automorphisms of so(2n). We will compare the result with the boundary states of S^1/Z_2 in the next section.

4.1 Preliminaries We denote by I_k the set of all the integrable representations of so(2n)_k. For k = 1, 2, we obtain

I_1 = {Λ_0, Λ_1, Λ_{n−1}, Λ_n}, (4.1a)

I_2 = {2Λ_0, 2Λ_1, 2Λ_{n−1}, 2Λ_n,

Λ_0 + Λ_{n−1}, Λ_0 + Λ_n, Λ_1 + Λ_{n−1}, Λ_1 + Λ_n, λ_j (j = 1, 2, . . . , n − 1)} , (4.1b)

– 16 – where Λ_i is the i-th fundamental weight of the affine so(2n) and λ_j are defined as

λ_j =

Λ_0 + Λ_1 (j = 1) , Λ_j (2 ≤ j ≤ n − 2) , Λ_{n−1} + Λ_n (j = n − 1) .

(4.2)

The simple current group of so(2n)_k consists of four elements

G_{sc} = {J_O = kΛ_0, J_V = kΛ_1, J_C = kΛ_{n−1}, J_S = kΛ_n} . (4.3)

For even n, G_{sc} is factorized as

G_{sc} = {J_O, J_C } × {J_O, J_S } ∼= Z_2 × Z_2 (n : even) , (4.4)

while, for odd n, G_{sc} is a cyclic group Z_4

G_{sc} = {J_O, J_S , J_V = (J_S )^2, J_C = (J_S )^3} ∼= Z_4 (n : odd) . (4.5)

The modular transformation matrices together with the action of the simple currents are found in appendix A.1.

One can construct the primary fields of so(2n)_1 ⊕ so(2n)_1/so(2n)_2 by applying the selection rule and the field identification to I_1 ⊗ I_1 ⊗ I_2. Since we are considering the diagonal embedding so(2n)_2 ⊂ so(2n)_1 ⊕ so(2n)_1, the identification currents are of the form (J, J, J) (J ∈ G_{sc}) and G_{id} is isomorphic to G_{sc}. There is no fixed point in the field identification and we have |Î| = 4 × 4 × (n + 7)/(4 × 4) = n + 7 primary fields. We list the resulting spectrum in table 2, in which each field is denoted by a single symbol.^6 The characters of the coset theory can be obtained as the branching function for the embedding so(2n)_2 ⊂ so(2n)_1 ⊕ so(2n)_1. We list the explicit form of the characters in appendix B. Since there is no identification fixed point, the modular transformation matrix Ŝ of the coset theory can be obtained from the formula (2.21),

Ŝ = 1√ 8n ×

× u_± ϕ_± χ_s σ_k τ_k u_± 1 1 2 ± √ n ± √ n ϕ_± 1 (−1)^n 2(−1)^s ±(−i)^n(−1)^k √ n ±(−i)^n(−1)^k √ n χ_r 2 2(−1)^r 4 cos^{πrs}_n 0 0 σ_j ± √ n ±(−i)^n(−1)^j √ n 0 (M^n)_{jk} √ 2n −(M^n)_{jk} √ 2n τ_j ± √ n ±(−i)^n(−1)^j √ n 0 −(M^n)_{jk} √ 2n (M^n)_{jk} √ 2n where M = 1 √ 2 ( e^{−iπ/4} e^{iπ/4} e^{iπ/4} e^{−iπ/4} ) , M^4 = 1 . (4.6)

6Our notation is the same as that of [37].

– 17 – field coset representation weight u_+ (Λ_0, Λ_0; 2Λ_0) 0 u_− (Λ_0, Λ_0; 2Λ_1) 1 ϕ_+ ϕ_− (Λ_0, Λ_0; 2Λ_{n−1}) (Λ_0, Λ_0; 2Λ_n) n : even

(Λ_0, Λ_1; 2Λ_{n−1}) (Λ_0, Λ_1; 2Λ_n) n : odd n/4 χ_r { (Λ_0, Λ_0; λ_r) r : even (Λ_0, Λ_1; λ_r) r : odd r^2/4n σ_0 (Λ_0, Λ_{n−1}; Λ_0 + Λ_{n−1}) 1/16 σ_1 (Λ_0, Λ_n; Λ_0 + Λ_n) 1/16 τ_0 (Λ_0, Λ_{n−1}; Λ_1 + Λ_n) 9/16 τ_1 (Λ_0, Λ_n; Λ_1 + Λ_{n−1}) 9/16

Table 2: The spectrum of the diagonal coset so(2n)_1 ⊕ so(2n)_1/so(2n)_2. Here r = 1, 2, . . . , n − 1, and there are n + 7 fields. The last column shows the conformal weight of each field.

4.2 Construction of the twisted Cardy states

As we have seen in the previous sections, we can construct the Cardy states, or NIM-reps, of the G/H theory starting from those of the G and H theories. By taking non-trivial NIM-reps of G or H, one could in general obtain a non-trivial NIM-rep of G/H, besides the regular one. In particular, the Cardy states twisted by an automorphism of the G/H chiral algebra follow from those of the G and H theories. As is argued in section 3, these twisted states are consistent with the regular ones and can be considered as the Cardy states in the charge-conjugation modular invariant.

For the so(2n) diagonal coset theory, the relevant chiral algebras are g = so(2n)_1 ⊕ so(2n)_1 and h = so(2n)_2. There are three types of automorphisms available for twisting the boundary condition of the coset theory: the order-2 automorphism ω_2 of so(2n), the order- 3 automorphism ω_3 of so(8) and the permutation automorphism π of so(2n) ⊕ so(2n). As we will see below, we can obtain twisted states for ω_2 and ω_3 by applying the construction of the previous sections. For the permutation automorphism π, however, the resulting NIM-rep suffers from the brane identification fixed points, and we obtain known NIM-reps after the resolution of the fixed points.

4.2.1 Z_2-automorphism of so(2n) The order-2 automorphism ω_2 of D_n = so(2n) exchanges two short legs of the Dynkin diagram of D_n, ω_2 : Λ_{n−1} ↔ Λ_n , Λ_i → Λ_i (i ≠ n − 1, n) . (4.7)

From this automorphism, one obtains an automorphism ω_2 ⊕ ω_2 of g = so(2n)_1 ⊕ so(2n)_1, which clearly makes h = so(2n)_2 ⊂ g invariant and yields an automorphism ω̂_2 of the coset theory, ω̂_2 : (μ_1, μ_2; ν) → (ω_2μ_1, ω_2μ_2; ω_2ν) , (μ_1, μ_2; ν) ∈ Î . (4.8)

– 18 –

Using the notation in table 2, the action of ω̂_2 can be written as ω̂_2 : {u_±, ϕ_±, χ_r, σ_j , τ_j } → {u_±, ϕ_∓, χ_r, σ_{1−j} , τ_{1−j} } . (4.9) The building blocks of the construction are the twisted NIM-rep of so(2n)_1 and so(2n)_2. As is explained in section 3 (in particular eq. (3.14)), the diagonalization matrix of the twisted NIM-rep is given by the modular transformation matrix of the twisted chiral algebra, which is D^{(2)}_n in the present case. We list the necessary facts about D^{(2)}_n in appendix A.2.

The NIM-rep for ω̂_2 is obtained from the formula (3.22) by taking S̃^G = S̃_1 ⊗ S̃_1 and S̃H = S̃_2, where S̃_k stands for the modular transformation matrix of D^{(2)}_n at level k. The spectrum Ê of the Ishibashi states follows from the formula (3.23),

Ê = {(Λ_0, μ; ν) ∈ Î | μ ∈ I^ω2_1 , ν ∈ I^ω2_2 } = {u_±, χ_r (r = 1, 2, . . . , n − 1)} , (4.10)

where we denote by I^{ω2}_k the set of the ω_2-invariant representations of so(2n)_k. One can easily confirm from the map (4.9) that Ê coincides with the set Î^{ω̂2} of all the ω̂_2-invariant representations and that there is no extra Ishibashi state.

The Cardy states are labeled by the representations of D^{(2)}_n . The set V̂ of the Cardy states follows from the formula (3.24), V̂ = {(μ̃_1, μ̃_2; ν̃) | μ̃_1, μ̃_2 ∈ Ĩ_1; ν̃ ∈ Ĩ_2; b̃_{μ̃1}b̃_{μ̃2} = b̃_{ν̃} ;

(Jμ̃_1, Jμ̃_2; Jν̃) = (μ̃_1, μ̃_2; ν̃) (∀(J, J, J) ∈ G_{id}(V))} , (4.11)

where we denote by Ĩ_k the set of the integrable representations of D^{(2)}_n at level k. The identification current groups, G_{id}(E) and G_{id}(V), can be regarded as the group of the diagram automorphisms of A^{(2)}_{2n−3} and D^{(2)}_n , respectively. b̃_{μ̃} in (4.11) is the monodromy charge for the action of G_{id}(E) (see appendix A.2), whereas J stands for the diagram automorphism of D^{(2)}_n . Since there is no fixed point in Ĩ_1, we have also no fixed point in the brane identification. Consequently, one can identify V̂ with the set of the labels for branching functions of D^{(2)}_{n,2} ⊂ D^{(2)}_{n,1} ⊕ D^{(2)}_{n,1}, which consists of the following elements V̂ = {(Λ̃_0, Λ̃_0; λ̃_r) (r = 0, 1, . . . , n − 1), (Λ̃_0, Λ̃_{n−1}; Λ̃_0 + Λ̃_{n−1})} . (4.12)

Here Λ̃_j are the fundamental weights of D^{(2)}_n and λ̃_j ∈ Ĩ_2 are defined in appendix A.2. Putting these things together, the diagonalization matrix (3.22) can be written as follows,

ψ^{ω̂2} = 1 √ 2n × u_± χ_s (Λ̃_0, Λ̃_0; λ̃_r) 1 2 cos(^π_{2n} (2r + 1)s)

(Λ̃_0, Λ̃_{n−1}; Λ̃_0 + Λ̃_{n−1}) ± √ n 0 . (4.13)

We have n+1 twisted Cardy states for ω̂_2. The overlaps of these states with the regular ones are expanded into the branching functions of D^{(2)}_n (See appendix B.3 for the explicit form of the branching functions.) For example, the overlap of the twisted state |(Λ̃_0, Λ̃_0; λ̃_r)⟩ with the regular state |u_+⟩ can be written as

⟨(Λ̃_0, Λ̃_0; λ̃_r)|q̃^{Hc} |u_+⟩ = χ_{(Λ̃0,Λ̃0;λ̃r)}(τ/2) , (4.14)

where χ_{(Λ̃0,Λ̃0;λ̃r )} is the branching function of D^{(2)}_{n,2} ⊂ D^{(2)}_{n,1} ⊕ D^{(2)}_{n,1}.

– 19 –

4.2.2 Z_3-automorphism of so(8) The case of the order-3 automorphism ω_3 of D_4 = so(8) can be treated in the same way as ω_2. The automorphism ω_3 of D_4 permutes three legs of the Dynkin diagram of D_4,

ω_3 : Λ_1 → Λ_3 → Λ_4 → Λ_1 . (4.15)

This induces an automorphism of the coset theory, which we denote by ω̂_3,

ω̂_3 : (μ_1, μ_2; ν) → (ω_3μ_1, ω_3μ_2; ω_3ν) , (μ_1, μ_2; ν) ∈ Î . (4.16)

There are 4 + 7 = 11 representations for the so(8) coset theory. Using the notation in table 2, the action of ω̂_3 can be written as

ω̂_3 :

u_+; χ_2;

u_−, ϕ_+, ϕ_−; χ_1, σ_0, σ_1; χ_3, τ_0, τ_1 → u_+; χ_2;

ϕ_+, ϕ_−, u_−; σ_0, σ_1, χ_1; τ_0, τ_1, χ_3

. (4.17)

One can see that there are three orbits of length 3 together with two fixed points u_+, χ_2.

The twisted NIM-rep for ω_3 is given by the modular transformation matrix of the twisted chiral algebra D^{(3)}_4 . We list the necessary facts about D^{(3)}_4 in appendix A.3. We can obtain the NIM-rep for ω̂_3 of the coset theory applying the formula (3.22) to S̃^G = S̃_1 ⊗ S̃_1 and S̃^H = S̃_2. Here S̃_k stands for the modular transformation matrix of D^{(3)}_4 at level k. The spectrum Ê of the Ishibashi states follows from the formula (3.23), Ê = {(Λ_0, μ; ν) ∈ Î | μ ∈ I^ω3_1 , ν ∈ I^ω3_2 } = {u_+, χ_2} , (4.18)

where we denote by I^{ω3}_k the set of the ω_3-invariant representations of so(8)_k. One can see that Ê coincides with the set Î^{ω̂3} of all the ω̂_3-invariant representations.

The Cardy states are labeled by the representations of D^{(3)}_4 . Since there is no nontrivial diagram automorphism for D^{(3)}_4 , we have no non-trivial identification currents in the present case, i.e. G_{id}(V) = G_{id}(E) = {1}. Then the formula (3.24) yields the set V in the form

V̂ = {(μ̃_1, μ̃_2; ν̃) | μ̃_1, μ̃_2 ∈ Ĩ_1; ν̃ ∈ Ĩ_2} = {(Λ̃_0, Λ̃_0; 2Λ̃_0), (Λ̃_0, Λ̃_0; Λ̃_1)} , (4.19)

where we denote by Ĩ_k the set of the integrable representations of D^{(3)}_4 at level k and by Λ̃_j (j = 0, 1, 2) the fundamental weights of D^{(3)}_4 . V̂ can be regarded as the set of the labels for the branching functions of D^{(3)}_{4,2} ⊂ D^{(3)}_{4,1} ⊕ D^{(3)}_{4,1}. The diagonalization matrix (3.22) can be written as follows,

ψ^{ω̂3} = 1 √ 2 × u_+ χ_2

(Λ̃_0, Λ̃_0; 2Λ̃_0) 1 1

(Λ̃_0, Λ̃_0; Λ̃_1) 1 −1

. (4.20)

We have two twisted Cardy states for ω̂_3. The overlaps of these states with the regular ones are expanded into the branching functions of D^{(3)}_4 in the manner parallel to the case of ω̂_2.

– 20 –

4.2.3 Permutation automorphism of so(2n) ⊕ so(2n) The permutation automorphism π acts on g = so(2n)_1 ⊕ so(2n)_1 as the exchange of two so(2n) factors. Clearly, π leaves h = so(2n)_2 ⊂ g invariant and induces an automorphism π̂ of the coset theory,

π̂ : (μ_1, μ_2; ν) → (μ_2, μ_1; ν) , (μ_1, μ_2; ν) ∈ Î . (4.21)

In order to obtain the corresponding NIM-rep of the coset theory, we need to know the NIM-rep of so(2n)_1 ⊕ so(2n)_1 for the boundary condition twisted by the automorphism π. This problem of finding a NIM-rep for the permutation automorphism of tensor product theories has been solved in [38], which we briefly review.

Suppose that we have a NIM-rep (n_μ)_α^β (μ ∈ I; α, β ∈ V) of a fusion algebra I with fusion coefficients N_{μν}^ρ. Let ψ_α^ρ (ρ ∈ E) be the corresponding diagonalization matrix, n_μ = ψγ^{(μ)}ψ^†. Then the problem is to find a NIM-rep n^π for the tensor product algebra I ⊗ I with the spectrum E^π = {(μ, μ) | μ ∈ E}, which consists of the elements fixed by the permutation π : (μ, ν) → (ν, μ). This is solved by setting

n^π_{(μ,ν)} = n_μn_ν , (4.22)

where the product in the right-hand side is taken as a |V| × |V| matrix. Since n_μ form a NIM-rep of I, n^π also has entries with non-negative integers. Hence what we have to do is to check that n^π satisfy the fusion algebra I ⊗ I, which can be shown as follows,

n^π_{(μ,ν)}n^π_{(μ}′_{,ν}′_) = (n_μn_ν)(n_μ′ n_ν′ ) = (n_μn_μ′ )(n_ν n_ν′ ) = ∑ μ^{′′}∈I N_{μμ}′^{μ′′} n_μ′′ ∑ ν^{′′}∈I N_{νν}′^{ν′′} n_ν′′ = ∑ (μ^{′′} ,ν^{′′})∈I⊗I N_{μμ}′^{μ′′} N_{νν}′^{ν′′} n^π_{(μ}′′_{,ν}′′_) . (4.23)

Here we used the fact that the fusion algebra is commutative to change the order of the product. The diagonalization matrix ψ^π for n^π is given by ψ, which follows immediately from the definition (4.22) of n^π,

(n^π_{(μ,ν)})_α^β = (n_μn_ν)_α^β = (ψγ^{(μ)}ψ^†ψγ^{(ν)}ψ^†)_α^β = ∑ ρ∈E ψ_α^ργ^{(μ)}_ρ γ^{(ν)}_ρ ψ_β^ρ = ∑ ρ∈E ψ_α^ργ^{(μ,ν)}_{(ρ,ρ)} ψ_β^ρ . (4.24)

This calculation also shows that the spectrum for n^π consists of only the elements (ρ, ρ) ∈ E ⊗E fixed by the permutation π. Hence n^π defined in (4.22) is actually a NIM-rep of I ⊗I with the spectrum E^π.^7 Note that the Cardy states for n^π are also labeled by V for n.

7In [38], only the case of the regular NIM-rep n = N for I is considered. Our argument provides its generalization to a generic NIM-rep n ≠ N.

– 21 –

The action of the simple currents (2.37) on the permutation NIM-rep n^π follows from that on n. First, the simple current group G(E^π) for the Ishibashi states is the diagonal subgroup of G(E) × G(E), J : (μ, μ) → (Jμ, Jμ) , J ∈ G(E) , (4.25) which acts on ψ^π as

ψ^π_α^{(Jμ,Jμ)} = ψ_α^{Jμ} = b̃_α(J)ψ_α^μ = b̃_α(J)ψ^π_α^{(μ,μ)} . (4.26)

The action on the Cardy states is given by (J, J^′) ∈ G(V) × G(V),

ψ^π_α^{(μ,μ)}b_{(μ,μ)}((J, J^′)) = ψ^π_α^{(μ,μ)}b_μ(J)b_μ(J^′) = ψ_α^μb_μ(JJ^′) = ψ_{JJ} ′_α^μ = ψ^π_{JJ} ′_α^{(μ,μ)} , (4.27)

where we used the fact that J → b_μ(J) is a representation of the simple current group. This action has a non-trivial stabilizer, S(V^π) = {(J, J^′) ∈ G(V) × G(V) | b_μ(JJ^′) = 1 ∀μ ∈ E} = {(J, J^′) ∈ G(V) × G(V) | JJ^′ = 1} ∼= G(V), (4.28)

and the simple current group G(V^π) for the Cardy states is defined as

G(V^π) = G(V) × G(V)/S(V^π ) ∼= G(V) . (4.29)

The above construction of the permutation NIM-rep is easily generalized to the case of tensor products with more than two factors. Namely, a NIM-rep corresponding to the permutation automorphism π is obtained as n^π_{μ1⊗μ2⊗···⊗μn} = n_{μ1} n_{μ2} · · · n_{μn} . (4.30) The diagonalization matrix is again given by that for n.

Let us apply the above construction to the so(2n)_1 ⊕ so(2n)_1 part of the coset theory. To make the discussion concrete, we consider only the case of n = 4, although the case of n ≠ 4 can be treated in the same way.

The building blocks of the construction are the permutation NIM-rep (4.22) for so(8)_1⊕ so(8)_1 and the regular NIM-rep for so(8)_2, from which one can obtain a NIM-rep (2.43) of the coset theory. Since the spectrum of the permutation NIM-rep consists of the representations of the form (μ, μ) (μ ∈ I_1 = P^{k=1}_+ (so(8))), the spectrum (2.45) of the Ishibashi states reads Ê = {(Λ_0, Λ_0; ν) ∈ Î} = {u_+, u_−, ϕ_+, ϕ_−, χ_2} . (4.31)

We therefore obtain five Ishibashi states. The Cardy states of the permutation NIM-rep is also labeled by α ∈ I_1. Applying the formula (2.44), one obtains

V̂ = {(α; β) | α ∈ I_1, β ∈ I_2, b_α(J) = b_β(J), (J^2α; Jβ) = (α; β) (∀J ∈ G_{sc})} , (4.32)

– 22 – where we used the action of the simple currents (4.27) on the permutation NIM-rep. Using J^2 = 1 for so(8), one obtains V̂ explicitly,

V̂ = {(Λ_0; 2Λ_0)_4, (Λ_0; Λ_2)_1, (Λ_1; Λ_0 + Λ_1)_2, (Λ_3; Λ_0 + Λ_3)_2, (Λ_4; Λ_0 + Λ_4)_2} . (4.33)

The subscript in this equation stands for the length of the brane identification orbit

{(α; Jβ) | J ∈ G_{sc}} , (4.34)

which is equal to 4 if there is no fixed point. One can see that all the elements other than (Λ_0; 2Λ_0) are fixed points of the brane identification, and we have to resolve them to obtain a consistent NIM-rep of the coset theory. The degeneracy of the fixed points is given by the ratio of the orbit length to the order of the identification current group. After resolving them, the number of the Cardy states would therefore be 1 + 4 + 2 × 3 = 11. Since there are only five Ishibashi states (4.31) in Ê, we have to find 11 − 5 = 6 states besides those in Ê for the resolution of the fixed points. One can find these states by considering the action (4.21) of π̂ on Î. Actually, one can see that not only the states in Ê but all the elements in Î are invariant under the action of π̂ due to the field identification. Eventually, we obtain 6 extra Ishibashi states to resolve the fixed points in V̂. The spectrum of the resolved NIM-rep is however the same as that of the regular one. In fact, one can show that the diagonalization matrix (2.43) obtained from the permutation NIM-rep is considered to be the regular NIM-rep after appropriately resolving the fixed points.

One can repeat the same analysis for the case of n ≠ 4. There are also the brane identification fixed points. After the resolution of them, one again finds nothing new, namely, the regular NIM-rep for even n and the ω̂_2-twisted NIM-rep for odd n.

5. Relation with orbifold theories

The diagonal coset theory so(2n)_1 ⊕ so(2n)_1/so(2n)_2 has the central charge c = c^{k=1}_n + c^{k=1}_n − c^{k=2}_n = 1, where

c^k_n =

(2n^2 − n)k k + 2n − 2

(5.1)

is the central charge of the SO(2n) WZW model at level k. Therefore this model should belong to the class of rational CFTs with c = 1, which consists of the circle theory S^1 with the radius R = √ 2n (n ∈ Z_{>0}),^8 its Z_2 orbifold S^1/Z_2 and three exceptional models T, O, I [39]. Actually, by comparing the spectrum, the so(2n) diagonal coset theory is shown to be equivalent to the orbifold theory^9 at r = √ n so(2n)_1 ⊕ so(2n)_1 so(2n)_2 ∼ S^1( √ n)/Z_2 , (5.2)

where we introduced the normalized radius r ≡^{R√}_2 so that the self-dual point corresponds to r = 1.

8We set α^′ = 2.

9To be precise, the charge-conjugation modular invariant of the coset theory yields the orbifold at r = 1/ √ n. Therefore we have to perform the T-duality transformation to obtain the orbifold at r = √ n. In the following, we always do this to compare the boundary states of the coset theory with those of the orbifold at r = √ n.

– 23 –

In this section, we use this equivalence of the so(2n) coset theory and the orbifold to check our calculation for the twisted Cardy states in the coset theory.^{10} Namely, we shall find that both of the Z_2 and the Z_3 Cardy states have their counterpart in the orbifold theory. The Z_2 states as well as the regular ones are realized by the usual Neumann and Dirichlet states of the orbifold. On the other hand, one can not find the Z_3 states within the Neumann and Dirichlet states; rather the Z_3 states are expressed as the conformal boundary states of the orbifold, which generalize those of S^1 constructed in [24, 25]. (The construction of the conformal boundary states for the orbifold (at r = 2) is found in appendix D.) This fact assures the validity of our calculation, in particular, the mutual consistency of the twisted states with the regular ones.

5.1 Regular Cardy states

We begin with rewriting the regular Cardy states of the coset theory in terms of the orbifold. We review some basic facts about the boundary states in the orbifold in appendix C.

Since the Cardy states are expressed as linear combinations of the Ishibashi states, we need to know the expression of the Ishibashi states in the orbifold theory. From the explicit form of the characters of the so(2n) coset theory (see appendix B.1), we can identify the corresponding Ishibashi states in the orbifold at r = √ n as follows, |u_±⟩⟩ = 1 2 ∑ m∈Z (|D(2nm)⟩⟩ ± |N (2m)⟩⟩) , |ϕ_±⟩⟩ = 1 2 ∑ m∈Z (|D(n(2m + 1))⟩⟩ ± i^n|N (2m + 1)⟩⟩) , |χ_s⟩⟩ = 1 √ 2 ∑ m∈Z (|D(2nm + s)⟩⟩ + |D(2nm − s)⟩⟩) , |σ_j ⟩⟩ = 1 2 √ 2 [ |D_T (0)⟩⟩ + |N_T (0)⟩⟩ + i^n(−1)^j (|D_T (π)⟩⟩ + |N_T (π)⟩⟩) ] , |τ_j ⟩⟩ = 1 2 √ 2 [ |D_T (0)⟩⟩ − |N_T (0)⟩⟩ + i^n(−1)^j (|D_T (π)⟩⟩ − |N_T (π)⟩⟩) ] . (5.3)

See appendix C for our notation of the Ishibashi states in S^1/Z_2. Then it is straightforward to express the regular Cardy states |μ⟩ = ∑ ν∈Î Ŝ_{μν}^1√_Ŝ 0ν |ν⟩⟩ in terms of the boundary states of the orbifold [37], |u_±⟩ = |D[0]; ±⟩_O , |ϕ_±⟩ = |D[π]; ±⟩_O , |χ_s⟩ = |D[^s_n π]⟩_O , |σ_j ⟩ = |N [jπ]; +⟩_O , |τ_j⟩ = |N [jπ]; −⟩_O . (5.4) To be precise, we can multiply each Ishibashi state of the orbifold by some phases in our dictionary (5.3) without changing the normalization. We have fixed this ambiguity by requiring that the regular state |u_+⟩ corresponds to |D[0]; +⟩; one of the fractional D-particles sitting at x = 0.

10Boundary states in the c = 1 models have been studied from the RCFT point of view also in [37].

– 24 –

5.2 Twisted Cardy states

5.2.1 Z_2 states We can identify the Z_2 twisted Cardy states of the so(2n) coset theory with boundary states of the orbifold in the same way as the regular ones. To obtain the expression of the Z_2 twisted Ishibashi states in the orbifold theory, we have two types of conditions. The first one is that the overlap of the twisted states with themselves should yield the ordinary character of the coset theory, which is the same condition as we used in deriving eq. (5.3). The second is that the overlap with the regular states should be equal to the twining character for the Z_2 automorphism, which is the branching function of A^{(2)}_{2n−3}. See appendix B.2 for their explicit form. The Z_2 twisted Ishibashi states can be determined from these two conditions together with our expression (5.3) for the regular states. The result is as follows, |u_±⟩⟩^{Z2} = 1 2 ∑ m∈Z (−1)^m(|D(2nm)⟩⟩ ± |N (2m)⟩⟩) , |χ_s⟩⟩^{Z2} = 1 √ 2 ∑ m∈Z (−1)^m(|D(2nm + s)⟩⟩ + |D(2nm − s)⟩⟩) . (5.5) Then one finds that the Z_2 twisted Cardy states (4.13) can be written in the form

|(Λ̃_0, Λ̃_0; λ̃_s)⟩ = |D [ 1 n ( s + 1 2 ) π ] ⟩_O , |(Λ̃_0, Λ̃_{n−1}; Λ̃_0 + Λ̃_{n−1})⟩ = |N [π 2 ] ⟩_O . (5.6)

Since the right-hand side of these equations coincide with the usual boundary states of the orbifold, the mutual consistency of the Z_2 states with the regular ones is manifest.

5.2.2 Z_3 states For n = 4, we have the Z_3 twisted Cardy states. As we will see shortly, one can not express the Z_3 states within the usual Neumann and Dirichlet states of the orbifold at r = √ n = 2, and we are led to introduce the conformal boundary states of the orbifold in order to express the Z_3 states.

As we have seen in the last section, there are two Z_3 Cardy states (4.20). For convenience, we introduce a short-hand notation for them,

|0⟩_{Z3} = |(Λ̃_0, Λ̃_0; 2Λ̃_0)⟩ , |1⟩_{Z3} = |(Λ̃_0 , Λ̃_0; Λ̃_1)⟩ . (5.7)

Let us consider the overlap of these states with the regular state |u_±⟩, ⟨u_±|q̃^{Hc} |0⟩_{Z3} = 1 η(q) ∑ N∈Z q^{(N+1/6)2} , ⟨u_±|q̃^{Hc} |1⟩_{Z3} = 1 η(q) ∑ N∈Z q^{(N+1/3)2} , (5.8)

which are readily obtained from the explicit form of these states. From this expression, one can conclude that the Z_3 states are not realized by either the Dirichlet or the Neumann

– 25 – states. In order to see this, note that the spectrum (4.18) of the ω̂_3-invariant Ishibashi states consists of two states u_+, χ_2. The orbifold expression (5.3) of the regular Ishibashi states shows that these two states u_+, χ_2, do not contain the fields in the twisted sectors of the orbifold. Therefore the Z_3 Cardy states (5.7) should consist of only the fields in the untwisted sector, and only the untwisted sector part of |u_±⟩, which is given by^{1√}_2 |D[0]⟩, contributes in the overlap (5.8). However, from appendix C, we find that no state of the Dirichlet or the Neumann types has the overlap of the form (5.8) with^{1√}_2 |D[0]⟩. Actually, the overlap of |u_+⟩ =^{1√}_2 |D[0]⟩ + · · · with non-fractional states takes the form ⟨u_+|q̃^{Hc} |D[x]⟩_O = 1 η(q) ∑ N∈Z q^{4(N+ x2π )2} , ⟨u_+|q̃^{Hc} |N [θ]⟩_O = 1 η(q) ∑ N∈Z q^{(N+1/4)2} , (5.9)

which is clearly different from that in (5.8). Therefore we can conclude that the Z_3 states (5.7) are not realized within the usual states of the orbifold, which preserve the chiral algebra u(1)/Z_2 of S^1/Z_2. We need states other than those keeping u(1)/Z_2 for describing the Z_3 Cardy states in the orbifold. Actually, in the orbifold, there exist many boundary states besides those of the Neumann and the Dirichlet types. This can be understood from the fact that, in order to obtain a boundary CFT, it may be enough to require that only the Virasoro algebra, rather than its extension, is preserved at the boundaries. In general, finding the conformal boundary states that preserve only the Virasoro algebra is a difficult task since a CFT is irrational with respect to the Virasoro algebra for c > 1. For c = 1, however, this problem is within the reach of known techniques and has been solved for the case of S^1 [24, 25] (see also [26, 27]). This construction of the conformal boundary states is readily generalized to the orbifold S^1/Z_2. We report the detail of the construction in appendix D for the case of r = 2.

The construction of the conformal boundary states is based on the fact that the CFT for S^1 at r = 1 is equivalent to the SU(2) WZW model at level 1. The conformal boundary states of S^1 at r = 1 are therefore parametrized by SU(2) [24, 25]. Since S^1/Z_2 at r = n ∈ Z_{≥1} can be considered as an orbifold of the SU(2) WZW model by the discrete subgroup Γ = D_n of SU(2),^{11} the conformal boundary states of S^1/Z_2 are also parametrized by g ∈ SU(2), which we denote by |g⟩_Γ (see appendix D for detail). One can find the Z_3 Cardy states (5.7) within these conformal boundary states of S^1/Z_2. The result is as follows,^{12}

|0⟩_{Z3} = |g⟩_Γ , |1⟩_{Z3} = | − g⟩_Γ , g = 1 2 (1 + γ_1 + γ_2 + γ_3) = 1 2 ( 1 + i 1 + i −1 + i 1 − i ) , (5.10)

11To be precise, the dihedral group Dn is a subgroup of SO(3) ∼= SU(2)/{1, −1}, where {1, −1} is the center of SU(2). As a subgroup of SU(2), we should consider the binary dihedral group Dn.

12One can also realize the Z3 states by setting g =^1_2 (1 − γ1 − γ2 − γ3). These two choices for g correspond to the twist by ω̂3 and by (ω̂3)^2.

– 26 – where γ_a = iσ_a form the dihedral group D_2 = {1, γ_1, γ_2, γ_3} ∼= Z_2 × Z_2. With this choice, one can show that the overlap (5.8) is reproduced by using the formula (D.5) in appendix D. Moreover, the overlap with the Z_3 states themselves

Z_3⟨0|q̃ H_c |0⟩ Z_3 = Z_3⟨1|q̃ H_c |1⟩ Z_3 = 1 η(q) ( ∑ N∈Z q^{N 2} + 3 ∑ N∈Z q^{(N+1/4)2} ) ,

Z_3⟨0|q̃ H_c |1⟩ Z_3 = 1 η(q) ( ∑ N∈Z q^{(N+1/2)2} + 3 ∑ N∈Z q^{(N+1/4)2} ) , (5.11)

can also be reproduced from our solution (5.10). Hence we can conclude that the Z_3 Cardy states of the so(8) coset theory are realized by the conformal boundary states of the orbifold. This fact again shows the validity of our argument about the mutual consistency of the Cardy states.

6. Discussions

In this paper, we have argued the mutual consistency of the twisted boundary states with the untwisted ones in coset CFTs. We have constructed explicitly the twisted Cardy states of the coset theory and have shown that they have well-defined overlaps with the untwisted states. We have also pointed out that the overlap of the twisted states can be described in terms of the branching functions of twisted affine Lie algebras. As a check of our argument, we have given a detailed study of the twisted boundary states in the so(2n) diagonal coset theory and have confirmed their consistency through the equivalence between the coset theory and the orbifold S^1/Z_2. As a by-product, we have found a new type of boundary states in S^1/Z_2, which break u(1)/Z_2 but preserve the Virasoro algebra.

A natural problem related with our result is the issue of the mutual consistency of NIM-reps other than those originating from the automorphisms of the chiral algebra. Actually, there exist many non-trivial NIM-reps for so(2n) at level 2 [11] and we can construct the corresponding NIM-reps of the diagonal coset theory combining them with the NIM-rep of so(2n)_1. It is interesting to see whether these NIM-reps are non-trivial or not. If non-trivial, it would be worth studying about their consistency with the regular one.

Our construction of the twisted Cardy states for the triality of so(8) exhibits that the technique of RCFTs can be used for studying the conformal boundary states in the c = 1 models. This may be extended to the case of c > 1 by considering su(n)_1 and its realization by a (n − 1)-dimensional torus T^{n−1}. The role of the Virasoro algebra is taken over by the W_n algebra and we should consider the W_n boundary states instead of the conformal ones. It would be interesting to find an appropriate realization of T^{n−1} as a RCFT equipped with automorphisms and observe whether the corresponding twisted boundary states yield the W_n states.

– 27 –

Acknowledgments

We would like to thank H. Awata, M. Kato, K. Ito and T. Tani for helpful discussions.

A. Modular transformation matrices of D^{(r)}n

A.1 D^{(1)}_n

k = 1. There are four integrable representations for D^{(1)}_{n,1} = so(2n)_1,

I_1 = P^{k=1}_+ (so(2n)) = {Λ_0, Λ_1, Λ_{n−1}, Λ_n} . (A.1)

Λ_j is the j-th fundamental weight of D^{(1)}_n . The modular transformation matrix reads

1 2 ×

Λ_0 Λ_1 Λ_{n−1} Λ_n Λ_0 1 1 1 1 Λ_1 1 1 −1 −1 Λ_{n−1} 1 −1 (−i)^n −(−i)^n Λ_n 1 −1 −(−i)^n (−i)^n

class O V C S

(A.2)

where the last row shows the conjugacy class of each representation.

k = 2. There are n + 7 integrable representations for so(2n)_2,

I_2 = {2Λ_0, 2Λ_1, 2Λ_{n−1}, 2Λ_n , Λ_0 + Λ_{n−1}, Λ_0 + Λ_n, Λ_1 + Λ_{n−1}, Λ_1 + Λ_n, λ_j (j = 1, 2, . . . , n − 1)} , (A.3)

where λ_j are defined as

λ_j =

Λ_0 + Λ_1 (j = 1) , Λ_j (2 ≤ j ≤ n − 2) , Λ_{n−1} + Λ_n (j = n − 1) .

(A.4)

– 28 –

The modular transformation matrix reads 1 √ 8n ×

×

2Λ_0 2Λ_1 2Λ_{n−1} 2Λ_n λ_s Λ_0 + Λ_{n−1} Λ_0 + Λ_n Λ_1 + Λ_n Λ_1 + Λ_{n−1}

2Λ_0 1 1 1 1 2 √ n √ n √ n √ n 2Λ_1 1 1 1 1 2 − √ n − √ n − √ n − √ n 2Λ_{n−1} 1 1 (−1)^n (−1)^n 2(−1)^s (−i)^n √ n −(−i)^n √ n (−i)^n √ n −(−i)^n √ n 2Λ_n 1 1 (−1)^n (−1)^n 2(−1)^s −(−i)^n √ n (−i)^n √ n −(−i)^n √ n (−i)^n √ n λ_r 2 2 2(−1)^r 2(−1)^r 4 cos^{πrs}_n 0 0 0 0

Λ_0 + Λ_{n−1} √ n − √ n (−i)^n √ n −(−i)^n √ n 0 a b −a −b Λ_0 + Λ_n √ n − √ n −(−i)^n √ n (−i)^n √ n 0 b a −b −a Λ_1 + Λ_n √ n − √ n (−i)^n √ n −(−i)^n √ n 0 −a −b a b Λ_1 + Λ_{n−1} √ n − √ n −(−i)^n √ n (−i)^n √ n 0 −b −a b a

class O O

O(n:even)

V (n: odd)

O(n:even)

V (n: odd)

O(s:even)

V (s: odd) C S C S

where a = √ n 2 (1 + (−i)^n) , b = √ n 2 (1 − (−i)^n) . (A.5)

Simple currents. For even n, the simple current group G_{sc} of so(2n)_k is Z_2 × Z_2, whose

action on the fundamental weights reads

J_V : (Λ_0, Λ_1, Λ_2, . . . , Λ_{n−2}, Λ_{n−1}, Λ_n) → (Λ_1, Λ_0, Λ_2, . . . , Λ_{n−2}, Λ_n, Λ_{n−1}) ,

J_S : (Λ_0, Λ_1, Λ_2, . . . , Λ_{n−2}, Λ_{n−1}, Λ_n) → (Λ_n, Λ_{n−1}, Λ_{n−2}, . . . , Λ_2, Λ_1, Λ_0) ,

J_C = J_V J_S , (J_V )^2 = (J_S )^2 = 1 .

(A.6)

For odd n, G_{sc} is Z_4 and generated by J_S ,

J_S : (Λ_0, Λ_1, Λ_2, . . . , Λ_{n−2}, Λ_{n−1}, Λ_n) → (Λ_n, Λ_{n−1}, Λ_{n−2}, . . . , Λ_2, Λ_0, Λ_1) ,

J_V = (J_S )^2 , J_C = (J_S )^3 , (J_S )^4 = 1 .

(A.7)

The monodromy charge b_μ(J) for J ∈ G_{sc} is a function of the conjugacy class of μ and

written as

b_μ(J) = μ = O V C S J = J_O 1 1 1 1

J_V 1 1 −1 −1 J_C 1 −1 (−i)^n −(−i)^n J_S 1 −1 −(−i)^n (−i)^n (A.8)

which is nothing but the character table of G_{sc}.

– 29 –

A.2 D^{(2)}_n The modular transformation of the characters of the twisted affine Lie algebra D^{(2)}_n gives rise to those of A^{(2)}_{2n−3}, and vice versa. Since the twining characters of so(2n)_k for the Z_2 automorphism ω_2 coincide with the ordinary characters of A^{(2)}_{2n−3} at level k, we can label the integrable representations of A^{(2)}_{2n−3} by the ω_2-invariant representations of so(2n)_k, which form the set I^{ω2}_k ⊂ I_k. We therefore use I^{ω2}_k instead of P^k_+(A^{(2)}_{2n−3}) and regard the modular transformation matrix S̃ for (D^{(2)}_n , A^{(2)}_{2n−3}) as a matrix between Ĩ_k = P^k_+(D^{(2)}_n ) and I^{ω2}_k .

k = 1. There are two integrable representations for k = 1, Ĩ_1 = {Λ̃_0, Λ̃_{n−1}} , I^{ω2}_1 = {μ ∈ I_1 | ω_2μ = μ} = {Λ_0, Λ_1} ,

(A.9)

where Λ̃_j (j = 0, 1, . . . , n − 1) are the fundamental weights of D^{(2)}_n . The modular transformation matrix reads 1 √ 2 × Λ_0 Λ_1 Λ̃_0 1 1 Λ̃_{n−1} 1 −1

(A.10)

k = 2. There are n + 1 integrable representations for k = 2, Ĩ_2 = {λ̃_j (j = 0, 1, . . . , n − 1), Λ̃_0 + Λ̃_{n−1}} , I^{ω2}_2 = {μ ∈ I_2 | ω_2μ = μ} = {2Λ_0, 2Λ_1, λ_j (j = 1, 2, . . . , n − 1)} ,

(A.11)

where λ̃_j are defined as

λ̃_j =

2Λ̃_0 j = 0 , Λ̃_j 1 ≤ j ≤ n − 2 , 2Λ̃_{n−1} j = n − 1 .

(A.12)

The modular transformation matrix reads

1 √ 2n × 2Λ_0 2Λ_1 λ_s λ̃_r 1 1 2 cos(^π_{2n} (2r + 1)s)

Λ̃_0 + Λ̃_{n−1} √n −√n 0

. (A.13)

Simple currents. For the modular transformation matrix S̃_{μ̃ν} (μ̃ ∈ Ĩ_k, ν ∈ I^{ω2}_k ), we have two types of actions of simple currents since two sets, Ĩ_k and I^{ω2}_k , are distinct. The action on Ĩ_k is caused by the diagram automorphism of D^{(2)}_n (see Fig. 1), which we denote by J̃, J̃ : Λ̃_j → Λ̃_{n−1−j} , J̃^2 = 1 . (A.14)

The action on I^{ω2}_k originates from the diagram automorphism of A^{(2)}_{2n−3} and is of order 2. Since I^{ω2}_k ⊂ I_k, this action can be realized by an element of the simple current group

– 30 –

G_{sc} for D^{(1)}_n . Among four elements of G_{sc}, only J_V (besides J_O = 1) leaves I^{ω2}_k invariant. The action on I^{ω2}_k is therefore caused by J_V . Under these actions of simple currents, S̃_{μ̃ν} transforms as follows [18] S̃_{J̃μ̃ ν} = S̃_{μ̃ν} b_ν (J_S ) , (A.15a) S̃_{μ̃ JVν} = b̃_{μ̃}S̃_{μ̃ν} , (A.15b)

where b_ν (J_S ) is the monodromy charge (A.8) for so(2n) and b̃_{μ̃} is defined as b̃_{μ̃} = (−1)^{μ̃}n−1 . (A.16)

Here μ̃_{n−1} is the Dynkin label of μ̃. For example, b̃_{μ̃} = −1 for only Λ̃_{n−1} in Ĩ_1 and Λ̃_0 +Λ̃_{n−1} in Ĩ_2.

A.3 D^{(3)}_4 For so(8), besides the Z_2 automorphism ω_2, we have an automorphism ω_3 of order 3 which yields the twisted affine Lie algebra D^{(3)}_4 . In the same way as the Z_2 case, we can label the integrable representations of D^{(3)}_4 also by the ω_3-invariant representations of so(8)_k, which form the set I^{ω3}_k ⊂ I_k. Namely, we have an isomorphism I^{ω3}_k ∼= Ĩ^3_k = P^k_+(D^{(3)}_4 ). Although the modular transformation of the characters of D^{(3)}_4 gives rise to those of D^{(3)}_4 itself, it is convenient for describing the twisted Cardy states to regard the modular transformation matrix S̃ for D^{(3)}_4 as a matrix between Ĩ^3_k and I^{ω3}_k . k = 1. There is only one integrable representation for k = 1, Ĩ^3_1 = {Λ̃_0} , I^{ω3}_1 = {μ ∈ I_1 | ω_3μ = μ} = {Λ_0} ,

(A.17)

where Λ̃_j (j = 0, 1, 2) are the fundamental weights of D^{(3)}_4 . k = 2. There are two integrable representations for k = 2, Ĩ^3_2 = {2Λ̃_0, Λ̃_1} , I^{ω3}_2 = {μ ∈ I_2 | ωμ = μ} = {2Λ_0, Λ_2} .

(A.18)

The modular transformation matrix reads

1 √ 2 × 2Λ_0 Λ_2 2Λ̃_0 1 1 Λ̃_1 1 −1

. (A.19)

Since there is no diagram automorphism for D^{(3)}_4 , the simple current group for Ĩ^3_k is trivial.

– 31 –

B. Characters of so(2n)_1 ⊕ so(2n)_1/so(2n)_2

B.1 Ordinary characters

There are n + 7 independent representations in the branching of so(2n)_1 ⊕ so(2n)_1 into so(2n)_2 as is shown in table 2. The corresponding branching functions are determined by decomposing the product of characters of so(2n)_1 into those of so(2n)_2 [40] (see §13.15 in [36]):

u_±(q) = 1 η(q) 1 2 ( ∑ N∈Z q^{nN 2} ± ∑ N∈Z (−1)^N q^{N 2} ) , ϕ_±(q) = 1 η(q) 1 2 ∑ N∈Z q^{n(N+ 12 )2} ,

χ_r(q) = 1 η(q) ∑ N∈Z q^{n(N+ r2n )2} (r = 1, 2, . . . , n − 1) , σ_j (q) = 1 η(q) ∑ N∈Z q^{4(N+ 18 )2} (j = 0, 1) ,

τ_j (q) = 1 η(q) ∑ N∈Z q^{4(N+ 38 )2} (j = 0, 1) .

(B.1)

Here we denote the branching functions by the same symbol as the corresponding representations, e.g. u_+(q) stands for χ_{(Λ0,Λ0;2Λ0)}.

B.2 Twining characters

B.2.1 Z_2-automorphism

The Z_2-automorphism ω_2 of so(2n) yields an automorphism ω̂_2 of the diagonal coset so(2n)_1 ⊕ so(2n)_1/so(2n)_2, which acts on the representations as

ω̂_2 : (μ_1, μ_2; ν) → (ω_2μ_1, ω_2μ_2; ω_2ν) . (B.2)

There are n + 1 representations invariant under ω̂_2, which form the set Î^{ω̂2} ,

Î^{ω̂}2 = {u_±, χ_r (r = 1, 2, . . . , n − 1)} ⊂ Î . (B.3)

Note that all the elements of Î^{ω̂2} can be written in the form (Λ_0, μ; ν), ω_2μ = μ, ω_2ν = ν. Hence the twining characters for the coset theory can be determined from the following equations χ^{ω2}_{Λ0} χ^{ω2}_μ = ∑ ν χ^{ω̂2}_{(Λ0,μ;ν)}χ^{ω2}_ν , (B.4)

where χ^{ω2}_μ is the twining character of so(2n). Since χ^{ω2}_μ coincides with the ordinary character of A^{(2)}_{2n−3}, one can regard the above equation as the branching rule of A^{(2)}_{2n−3,2} ⊂ A^{(2)}_{2n−3,1} ⊕ A^{(2)}_{2n−3,1} and χ^{ω̂2}_{(Λ0,μ;ν)} as the corresponding branching function, which can be

– 32 – obtained in the same way as D^{(1)}_n . The result is written as follows,

u^{Z2}_± (q) ≡ χ^{ω̂2}_{u±} (q) = 1 η(q) 1 2 ( ∑ N∈Z (−1)^N q^{nN 2} ± ∑ N∈Z (−1)^N q^{N 2} ) , χ^{Z2}_r (q) ≡ χ^{ω̂2}_{χr} (q) = 1 η(q) ∑ N∈Z (−1)^N q^{n(N+ r2n )2} (r = 1, 2, . . . , n − 1) .

(B.5)

B.2.2 Z_3-automorphism The case of the Z_3-automorphism ω_3 for so(8) can be treated in exactly the same way as the Z_2 case discussed above. We denote by ω̂_3 the associated automorphism of the so(8) diagonal coset theory. Among 11 representations in Î, only two of them are invariant under ω̂_3, Î^{ω̂}3 = {u_+, χ_2} ⊂ Î . (B.6)

The corresponding twining characters of the coset theory can be obtained as the branching function of D^{(3)}_{4,2} ⊂ D^{(3)}_{4,1} ⊕ D^{(3)}_{4,1}. The result is written as follows,

u^{Z3}_+ (q) ≡ χ^{ω̂3}_{u+} (q) = 1 η(q) ∑ N∈Z e^{2πi3 N} q^{N 2} ,

χ^{Z3}_2 (q) ≡ χ^{ω̂3}_{χ2} (q) = 1 η(q) ∑ N∈Z+^1_2

e^{2πi3 N} q^{N 2} .

(B.7)

B.3 Characters of the twisted chiral algebra The characters of the twisted chiral algebra for the Z_2-automorphism ω̂_2 are given by the branching functions of D^{(2)}_{n,2} ⊂ D^{(2)}_{n,1} ⊕ D^{(2)}_{n,1}, which are determined by

χ_{Λ̃0} χ_{μ̃} = ∑ ν̃ χ_{(Λ̃0,μ̃;ν̃)}χ_{ν̃} , (B.8)

where μ̃ ∈ P^{k=1}_+ (D^{(2)}_n ), ν̃ ∈ P^{k=2}_+ (D^{(2)}_n ). There are n + 1 branching functions and the result is written as follows,

χ_{(Λ̃0,Λ̃0;λ̃j )}(q) = 1 η(q^2) ∑ N∈Z q^{2n(N+ 12n (j+ 12 ))2} (j = 0, 1, . . . , n − 1) ,

χ_{(Λ̃0,Λ̃n−1;Λ̃0+Λ̃n−1)}(q) = 1 η(q^2) ∑ N∈Z q^{2(N+ 14 )2} ,

(B.9)

where λ̃_j are the integrable representations for k = 2 defined in eq. (A.12).

C. Boundary states in the orbifold S^1/Z_2

C.1 S^1 The circle S^1 is expressed by a free boson X,^{13}

X(z, z̄) = x + ip_L ln z + ip_R ln z̄ + i ∑ n≠0 1 n a_nz^{−n} + i ∑ n≠0 1 n ã_nz̄^{−n} . (C.1)

13We set α^′ = 2.

– 33 –

Let R be the radius of S^1. We also introduce the normalized radius r ≡ R √ α^′ = R √ 2 , (C.2)

in which the self-dual point corresponds to r = 1. Then the spectrum of the left and right momenta p_L, p_R, is written as

p_L = n R + mR 2 = 1 √ 2 ( n r + mr ) , p_R = n R − mR 2 = 1 √ 2 ( n r − mr ) , (C.3)

where n and m stand for the momentum and the winding number of the string, respectively.

The Dirichlet and Neumann boundary conditions are expressed on the modes as^{14}

a_n + ã_{−n} = 0 (Dirichlet) , (C.4) a_n − ã_{−n} = 0 (Neumann) . (C.5)

The Ishibashi states for these boundary conditions read |D(n)⟩⟩ = exp ( ∑ N>0 1 N a_{−N} ~a_{−N} ) |(n, 0)⟩ , (C.6)

|N (m)⟩⟩ = exp ( − ∑ N>0 1 N a_{−N} ~a_{−N} ) |(0, m)⟩ , (C.7)

where |(n, m)⟩ is the ground state with momentum n and winding number m. The overlaps of these states take the form

⟨⟨D(n)|q̃^{Hc} |D(n^′)⟩⟩ = δ_{n,n}′ q̃^n 2 4r2 η(q̃) , (C.8)

⟨⟨N (m)|q̃^{Hc} |N (m^′)⟩⟩ = δ_{m,m}′ q̃^{m2r2}4 η(q̃) , (C.9) ⟨⟨D(n)|q̃^{Hc} |N (m)⟩⟩ = δ_{n,0}δ_{m,0} 1 η(q̃) ∑ N∈Z (−1)^N q̃^{N 2} , (C.10)

where η(q) is Dedekind’s eta function and H_c =^1_2 (L_0 + L̃_0 −^1_{12} ) is the closed string hamiltonian. Then one can write the Dirichlet and Neumann boundary states in the form |D[x]⟩ = 2^{−1/4} r^{−1/2} ∑ n∈Z e^{−inx}|D(n)⟩⟩ , 0 ≤ x < 2π , (C.11) |N [θ]⟩ = 2^{−1/4} r^{1/2} ∑ m∈Z e^{−imθ}|N (m)⟩⟩ , 0 ≤ θ < 2π . (C.12)

14The zero modes are defined as a0 = pL and ã0 = pR.

– 34 –

|D[x]⟩ corresponds to a D0-brane sitting at X = xR while |N [θ]⟩ is a D1-brane with the Wilson line θ. One can calculate the overlaps of these states from those of the Ishibashi states, ⟨D[x]|q̃^{Hc} |D[x^′]⟩ = 1 η(q) ∑ N∈Z q^{r2(N+ x−x′2π )2} (C.13) ⟨N [θ]|q̃^{Hc} |N [θ^′]⟩ = 1 η(q) ∑ N∈Z q^1r^{2 (N+ θ−θ} ′ 2π )^2 (C.14)

⟨D[x]|q̃^{Hc} |N [θ]⟩ = 1 η(q) ∑ N∈Z q^{(N+ 14 )2} . (C.15)

C.2 S^1/Z_2 The boundary states of the orbifold S^1/Z_2 follow from those of S^1 by the standard procedure, |D[x]⟩_O = 1 √ 2 (|D[x]⟩ + |D[−x]⟩) , x ≠ 0, π , (C.16) |N [θ]⟩_O = 1 √ 2 (|N [θ]⟩ + |N [−θ]⟩) , θ ≠ 0, π . (C.17) The fixed points of the Z_2 action X → −X can be resolved taking into account the Ishibashi states from the twisted sectors [41],

|D[0]; ±⟩_O = 1 √ 2 |D[0]⟩ ± 2^{−1/4}|D_T (0)⟩⟩ , (C.18) |D[π]; ±⟩_O = 1 √ 2 |D[π]⟩ ± 2^{−1/4}|D_T (π)⟩⟩ , (C.19) |N [0]; ±⟩_O = 1 √ 2 |N [0]⟩ ± 2^{−1/4} 1 √ 2 (|N_T (0)⟩⟩ + |N_T (π)⟩⟩) , (C.20) |N [π]; ±⟩_O = 1 √ 2 |N [π]⟩ ± 2^{−1/4} 1 √ 2 (|N_T (0)⟩⟩ − |N_T (π)⟩⟩) . (C.21)

Here we introduced four Ishibashi states associated with the fixed points x = 0, π,

|D_T (x)⟩⟩ = exp ∑ N=^1_2 ,^3_2 ,... 1 N a_{−N} ~a_{−N} |x⟩T , (C.22)

|N_T (x)⟩⟩ = exp − ∑ N=^1_2 ,^3_2 ,... 1 N a_{−N} ~a_{−N} |x⟩T , (C.23)

where |x⟩_T (x = 0, π) are the ground states of the twisted sectors. The overlaps of these states read ⟨⟨D_T (x)|q̃^{Hc} |D_T (x^′)⟩⟩ = ⟨⟨N_T (x)|q̃^{Hc} |N_T (x^′)⟩⟩ = δ_{x,x}′ 1 η(q̃) ∑ N∈Z q̃^{(N+ 14 )2} , (C.24) ⟨⟨D_T (x)|q̃^{Hc} |N_T (x^′)⟩⟩ = δ_{x,x}′ 1 η(q̃) ∑ N∈Z (−1)^N q̃^{(N+ 14 )2} . (C.25)

– 35 –

D. Conformal boundary states in S^1/Z_2

D.1 Conventions

We denote by |j; m, n⟩⟩ the Ishibashi states for the degenerate representation (j; m, n) of the Virasoro algebra with c = 1 [25]. |j; m, n⟩⟩ is normalized as follows, ⟨⟨j; m, n|q^{Hc} |j^′; m^′, n^′⟩⟩ = δ_{jj}′ δ_{mm}′ δ_{nn}′ χ_j (q) , χ_j(q) = 1 η(q) (q^{j2} − q^{(j+1)2} ). (D.1)

The u(1) Ishibashi states |D(n)⟩⟩, |N (m)⟩⟩ for r = 1 are expressed as |D(n)⟩⟩ = ∑ j≥^{|n|}_2 |j; n 2 , n 2 ⟩⟩ , (D.2)

|N (m)⟩⟩ = ∑ j≥^{|m|}_2 (−1)^{j− m}2 |j; m 2 , − m 2 ⟩⟩ . (D.3)

Since S^1 at r = 1 is equivalent to the SU(2) WZW model at level 1, the conformal boundary states at r = 1 are parametrized by g ∈ SU(2) [24, 25], |g⟩ = 2^{−1/4} ∑ j,m,n D^j_{m,n}(g)|j; m, n⟩⟩ . (D.4)

The overlap of these states reads ⟨g_1|q̃^{Hc} |g_2⟩ = 1 η(q) ∑ n∈Z q^{(n+ α2π )2} , (D.5)

where α is determined by the trace in the fundamental representation of su(2),

Tr_{j=} 1_2 (g^†_1g_2) = 2 cos α . (D.6)

Among these conformal boundary states, we can identify the Dirichlet and the Neumann states, |D[α]⟩ = 2^{−1/4} ∑ n∈Z e^{−inα}|D(n)⟩⟩ = 2^{−1/4} ∑ n∈Z e^{−inα} ∑ j≥^{|n|}_2 |j; n 2 , n 2 ⟩⟩ = |g = (_{e−iα 0} 0 e^{iα} ) ⟩ , (D.7)

|N [β]⟩ = 2^{−1/4} ∑ m∈Z e^{−imβ} |N (m)⟩⟩ = 2^{−1/4} ∑ m∈Z e^{−imβ} ∑ j≥^{|m|}_2 (−1)^{j− m}2 |j; m 2 , − m 2 ⟩⟩ = |g = (_{0 e−iβ} −e^{iβ} 0 ) ⟩ . (D.8)

– 36 –

D.2 Conformal boundary states in S^1(r = 2)/Z_2

We can construct the conformal boundary states of the orbifold S^1/Z_2 at the rational radii starting from those of S^1. Here we report only the case of r = 2. The case of r ≠ 2 can be treated in the similar way [42].

The orbifold S^1(r = 2)/Z_2 can be considered as the orbifold of the SU(2) WZW model at level 1 by Γ ⊂ SU(2)/{1, −1},

Γ = {1, γ_1 = iσ_1, γ_2 = iσ_2, γ_3 = iσ_3} ∼= D_2 = Z_2 × Z_2 . (D.9)

Here γ_3 changes the radius of S^1 from 1 to 2, while γ_2 does the reflection X → −X. Γ acts on the boundary states as γ : |g⟩ → |γgγ^{−1}⟩, γ ∈ Γ . (D.10) The generic boundary states in the orbifold theory can therefore be written in the form

|g⟩_Γ = 1 √ |Γ| ∑ γ∈Γ |γgγ^{−1}⟩, g ∈ SU(2) , (D.11)

unless g belongs to the fixed points of Γ.

We have three types of fixed points F_a(a = 1, 2, 3) corresponding to three subgroups {1, γ_a} ∼= Z_2 of Γ, F_a = {g ∈ SU(2)|γ_agγ^{−1}_a = g} . (D.12)

We can parametrize F_a as follows,

F_1 = { f_1(θ̃) ≡ ( cos θ̃ i sin θ̃ i sin θ̃ cos θ̃ ) | 0 ≤ θ̃ < 2π } , (D.13)

F_2 = { f_2(θ) ≡ ( cos θ sin θ − sin θ cos θ ) | 0 ≤ θ < 2π } , (D.14)

F_3 = { f_3(α) ≡ ( e^{iα} 0 0 e^{−iα} ) | 0 ≤ α < 2π } . (D.15)

F_a’s intersect at g = ±1, F_1 ∩ F_2 ∩ F_3 = {±1} . (D.16)

Clearly, g = ±1 ∈ SU(2) consist of the fixed point set of Γ.

In order to resolve these fixed points, we need additional Ishibashi states from the twisted sectors. We have three types of twisted sectors corresponding to three types of fixed points F_a(a = 1, 2, 3). For the fixed points F_3, the necessary states are given by the u(1) Ishibashi states at r = 1, |T_3(n)⟩⟩ ≡ 1 √ 2 ( |D ( n + 1 2 ) ⟩⟩ + |D ( −n − 1 2 ) ⟩⟩ ) (n ∈ Z_{≥0}) . (D.17)

The Dirichlet Ishibashi states in this equation coincide with those for r = 2, since their momenta take values in half integers in the unit of r = 1 (see eq. (C.3)). Then one can

– 37 – resolve F_3 to yield the fractional states

|f_3(α)⟩_Γ = 1 2 (|f_3(α)⟩ + |f_3(−α)⟩) + 2^{1/4}|T_3[α]⟩⟩ , |T_3[α]⟩⟩ = ∑ n∈Z_{≥0} cos (( n + 1 2 ) α ) |T_3(n)⟩⟩ (0 ≤ α < 2π) . (D.18)

One can easily show that these resolved states are nothing but the usual (non-fractional) D0-branes in S^1/Z_2 at r = 2, |f_3(α)⟩_Γ = |D [α 2 ] ⟩_O . (D.19)

For F_1 and F_2, the relevant twisted sectors are those coming from the fixed points X = 0, π of the reflection X → −X. Within the chiral algebra u(1)/Z_2, we have four Ishibashi states from these twisted sectors, namely, |D_T (x)⟩⟩ and |N_T (x)⟩⟩ (x = 0, π). These states are decomposed into infinite number of the Virasoro Ishibashi states. Actually, the overlaps of these states with themselves are decomposed into the Virasoro characters as follows, ⟨⟨D_T (x)|q^{Hc} |D_T (x)⟩⟩ = 1 η(q) ∑ n∈Z q^{(n+ 14 )2} = ∑ n∈Z χ_{|n+} 1_{4 |} , (D.20) ⟨⟨D_T (x)|q^{Hc} |N_T (x)⟩⟩ = 1 η(q) ∑ n∈Z (−1)^nq^{(n+ 14 )2} = ∑ n∈Z (−1)^nχ_{|n+} 1_{4 |} . (D.21)

Consequently, the Ishibashi states |D_T (x)⟩⟩, |N_T (x)⟩⟩ can be written in the form |D_T (x)⟩⟩ = ∑ n∈Z ||n + 1 4 |; x⟩⟩ , (D.22) |N_T (x)⟩⟩ = ∑ n∈Z (−1)^n||n + 1 4 |; x⟩⟩ , (D.23) where |j; x⟩⟩ is the Virasoro Ishibashi state with dimension j^2 from the twisted sector of X = x. Using these states, we can write down the Ishibashi states for the resolution of the fixed points F_1 and F_2, |T_1(n)⟩⟩ ≡ 1 √ 2 (|| n 2 + 1 4 |; 0⟩⟩ − || n 2 + 1 4 |; π⟩⟩) , (D.24) |T_2(n)⟩⟩ ≡ 1 √ 2 (|| n 2 + 1 4 |; 0⟩⟩ + || n 2 + 1 4 |; π⟩⟩) (n ∈ Z_{≥0}) . (D.25)

These Ishibashi states |T_a(n)⟩⟩(a = 1, 2, 3; n ∈ Z_{≥0}) from the twisted sectors satisfy ⟨⟨T_a(m)|q^{Hc} |T_b(n)⟩⟩ = δ_{ab}δ_{mn} 1 η(q) q^{14 (n+ 12 )2} . (D.26)

Then the resolved boundary states can be constructed in a way parallel to eq. (D.18), namely,

|f_a(β)⟩_Γ = 1 2 (|f_a(β)⟩ + |f_a(−β)⟩) + 2^{1/4}|T_a[β]⟩⟩ , |T_a[β]⟩⟩ = ∑ n∈Z_{≥0} cos (( n + 1 2 ) β ) |T_a(n)⟩⟩ (0 ≤ β < 2π) . (D.27)

– 38 –

Among these states, we can find the fractional D1-branes of S^1(r = 2)/Z_2, |f_1 ( π 2 ) ⟩_Γ = |N [π]; +⟩_O , |f_1 ( 3π 2 ) ⟩_Γ = |N [π]; −⟩_O , |f_2 ( π 2 ) ⟩_Γ = |N [0]; +⟩_O , |f_2 ( 3π 2 ) ⟩_Γ = |N [0]; −⟩_O .

(D.28)

At g = ±1, we might expect further resolution since all the elements γ ∈ Γ fix g = ±1. For g = 1, we actually need one more resolution and the result is given by the fractional D0-branes of the orbifold

|D[0]; ±⟩_O = 1 2 |g = 1⟩ + 2^{1/4} 1 2 ( |T_3[0]⟩⟩ ± (|T_2[0]⟩⟩ + |T_1[0]⟩⟩) ) , |D[π]; ±⟩_O = 1 2 |g = 1⟩ + 2^{1/4} 1 2 ( −|T_3[0]⟩⟩ ± (|T_2[0]⟩⟩ + |T_1[0]⟩⟩) ) . (D.29)

For g = −1, however, all the fractional branes in (D.27) give the same result

|f_1(π)⟩_Γ = |f_3(π)⟩_Γ = |f_3(π)⟩_Γ = |g = −1⟩ . (D.30)

Clearly, this state can not be decomposed any more and we have no resolution at g = −1.

References

[1] J.L. Cardy, Boundary conditions, fusion rules and the verlinde formula, Nucl. Phys. B 324 (1989) 581.

[2] J.L. Cardy and D.C. Lewellen, Bulk and boundary operators in conformal field theory, Phys.

Lett. B 259 (1991) 274.

[3] D.C. Lewellen, Sewing constraints for conformal field theories on surfaces with boundaries, Nucl. Phys. B 372 (1992) 654.

[4] G. Pradisi, A. Sagnotti and Y.S. Stanev, Completeness conditions for boundary operators in 2d conformal field theory, Phys. Lett. B 381 (1996) 97 [hep-th/9603097].

[5] J. Fuchs and C. Schweigert, A classifying algebra for boundary conditions, Phys. Lett. B 414 (1997) 251 [hep-th/9708141].

[6] I. Runkel, Boundary structure constants for the A-series Virasoro minimal models, Nucl.

Phys. B 549 (1999) 563 [hep-th/9811178]; Structure constants for the D-series Virasoro minimal models, Nucl. Phys. B 579 (2000) 561 [hep-th/9908046].

[7] J. Fuchs and C. Schweigert, Symmetry breaking boundaries, I. General theory, Nucl. Phys. B 558 (1999) 419 [hep-th/9902132]; Symmetry breaking boundaries, II. More structures, examples, Nucl. Phys. B 568 (2000) 543 [hep-th/9908025].

[8] L. Birke, J. Fuchs and C. Schweigert, Symmetry breaking boundary conditions and WZW orbifolds, Adv. Theor. Math. Phys. 3 (1999) 671 [hep-th/9905038].

[9] R.E. Behrend, P.A. Pearce, V.B. Petkova and J.-B. Zuber, Boundary conditions in rational conformal field theories, Nucl. Phys. B 570 (2000) 525 [hep-th/9908036].

– 39 –

[10] G. Felder, J. Fröhlich, J. Fuchs and C. Schweigert, Conformal boundary conditions and three-dimensional topological field theory, Phys. Rev. Lett. 84 (2000) 1659 [hep-th/9909140]; Correlation functions and boundary conditions in RCFT and three-dimensional topology,

hep-th/9912239.

[11] T. Gannon, Boundary conformal field theory and fusion ring representations, Nucl. Phys. B 627 (2002) 506 [hep-th/0106105].

[12] M.R. Gaberdiel and T. Gannon, Boundary states for WZW models, Nucl. Phys. B 639 (2002) 471 [hep-th/0202067].

[13] P. Goddard, A. Kent and D.I. Olive, Virasoro algebras and coset space models, Phys. Lett. B 152 (1985) 88; Unitary representations of the Virasoro and supervirasoro algebras, Commun. Math. Phys. 103 (1986) 105.

[14] J.M. Maldacena, G.W. Moore and N. Seiberg, Geometrical interpretation of D-branes in gauged WZW models, J. High Energy Phys. 07 (2001) 046 [hep-th/0105038].

[15] K. Gawȩdzki, Boundary WZW, G/H, G/G and CS theories, Annales Henri Poincaré 3 (2002) 847 [hep-th/0108044].

[16] S. Elitzur and G. Sarkissian, D-branes on a gauged WZW model, Nucl. Phys. B 625 (2002) 166 [hep-th/0108142].

[17] S. Fredenhagen and V. Schomerus, D-branes in coset models, J. High Energy Phys. 02 (2002) 005 [hep-th/0111189].

[18] H. Ishikawa, Boundary states in coset conformal field theories, Nucl. Phys. B 629 (2002) 209 [hep-th/0111230].

[19] T. Kubota, J. Rasmussen, M.A. Walton and J.G. Zhou, Maximally symmetric D-branes in gauged WZW models, Phys. Lett. B 544 (2002) 192 [hep-th/0112078].

[20] T. Quella and V. Schomerus, Symmetry breaking boundary states and defect lines, J. High Energy Phys. 06 (2002) 028 [hep-th/0203161].

[21] S. Fredenhagen and V. Schomerus, On boundary RG-flows in coset conformal field theories, Phys. Rev. D 67 (2003) 085001 [hep-th/0205011].

[22] M.A. Walton and J.G. Zhou, D-branes in asymmetrically gauged WZW models and axial-vector duality, Nucl. Phys. B 648 (2003) 523 [hep-th/0205161].

[23] H. Ishikawa and T. Tani, Novel construction of boundary states in coset conformal field theories, Nucl. Phys. B 649 (2003) 205 [hep-th/0207177].

[24] M.R. Gaberdiel, A. Recknagel and G.M. Watts, The conformal boundary states for SU(2) at level 1, Nucl. Phys. B 626 (2002) 344 [hep-th/0108102].

[25] M.R. Gaberdiel and A. Recknagel, Conformal boundary states for free bosons and fermions, J. High Energy Phys. 11 (2001) 016 [hep-th/0108238].

[26] R.A. Janik, Exceptional boundary states at c = 1, Nucl. Phys. B 618 (2001) 675 [hep-th/0109021].

[27] L.-S. Tseng, A note on c = 1 Virasoro boundary states and asymmetric shift orbifolds, J.

High Energy Phys. 04 (2002) 051 [hep-th/0201254].

[28] E. Verlinde, Fusion rules and modular transformations in 2-d conformal field theory, Nucl.

Phys. B 300 (1988) 360.

– 40 –

[29] A.N. Schellekens and S. Yankielowicz, Extended chiral algebras and modular invariant partition functions, Nucl. Phys. B 327 (1989) 673; Simple currents, modular invariants and fixed points, Int. J. Mod. Phys. A 5 (1990) 2903.

[30] K.A. Intriligator, Bonus symmetry in conformal field theory, Nucl. Phys. B 332 (1990) 541. [31] J. Fuchs, B. Schellekens and C. Schweigert, The resolution of field identification fixed points in diagonal coset theories, Nucl. Phys. B 461 (1996) 371 [hep-th/9509105].

[32] N. Ishibashi, The boundary and crosscap states in conformal field theories, Mod. Phys. Lett.

A 4 (1989) 251.

[33] A. Recknagel and V. Schomerus, Boundary deformation theory and moduli spaces of D-branes, Nucl. Phys. B 545 (1999) 233 [hep-th/9811237].

[34] V. Pasquier, Operator content of the ADE lattice models, J. Phys. A 20 (1987) 5707. [35] J. Fuchs, B. Schellekens and C. Schweigert, From Dynkin diagram symmetries to fixed point structures, Commun. Math. Phys. 180 (1996) 39 [hep-th/9506135].

[36] V.G. Kac, Infinite dimensional Lie algebras, Cambridge University Press, Cambridge 1990. [37] A. Cappelli and G. D’Appollonio, Boundary states of c = 1 and 3/2 rational conformal field theories, J. High Energy Phys. 02 (2002) 039 [hep-th/0201173].

[38] A. Recknagel, Permutation branes, hep-th/0208119. [39] P. Ginsparg, Curiosities at c = 1, Nucl. Phys. B 295 (1988) 153.

[40] V.G. Kac and M. Wakimoto, Modular and conformal invariance constraints in representation theory of affine algebras, Adv. Math. 70 (1988) 156; Branching functions for winding subalgebras and tensor products, Acta Appl. Math. 21 (1990) 3.

[41] M. Oshikawa and I. Affleck, Boundary conformal field theory approach to the critical two-dimensional ising model with a defect line, Nucl. Phys. B 495 (1997) 533 [cond-mat/9612187].

[42] A. Yamaguchi, in preparation.

– 41 –